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Abstract. Interactions between cosmic fluids may appear in many cosmological scenarios
that go far beyond the usually studied energy exchange in the dark sector. They may arise
in situations that go from the electron-positron annihilation after neutrino decoupling to the
evaporation of a population of primordial black holes and to gravitational collapse itself. In the
absence of known microscopic interaction mechanisms, phenomenological ansatzes are usually
proposed in order to describe such models. The aim of the present paper is to investigate
some formal aspects of two of the most used of such ansatzes. In this sense, it should not,
in principle, be taken as a paper specifically about interactions between dark energy and
dark matter. Presently, however, possible energy exchanges in the dark sector remain as
the main motivation for studying cosmic interactions and, as such, they will be frequently
mentioned as examples of applications of the formalism developed here. In particular, we will
derive a generalization of the ansatz based on the initial proposal of Shapiro, Solà, España-
Bonet and Ruiz-Lapuente, who described a time-dependent cosmological “constant” whose
variation arises from quantum effects near the Planck scale [I. L. Shapiro, J. Solà, C. España-
Bonet, and P. Ruiz-Lapuente, Phys. Lett. B 574 149 (2003) (arXiv:astro-ph/0303306)]. This
physically motivated model was based on a single free parameter ν, and was subsequently
studied by Wang and Meng [P.Wang and X. Meng, Class. Quantum Grav. 22 283 (2005),
(arXiv:astro-ph 0408495)] under the pure phenomenological reasoning that the vacuum decay
would slightly modify the exponent describing how the energy density of matter decreases with
the scale factor. This modification is described by a single parameter ε(= 3ν of the former
paper). For short, we shall call these proposals (and their extensions, developed by several
authors, in order to include interactions between other forms of dark energy and dark matter)
the “Shapiro and Solà ansatz” (hereafter the SS ansatz). The generalization derived in the
present article requires two free parameters (ε1, ε2) and shall be denominated the “generalized
Shapiro and Solà ansatz” (henceforth the GSS ansatz). We will show that, dynamically, this
extension (and, consequently, also the restricted SS ansatz) is, in fact, contained in the ansatz
proposed by Barrow and Clifton [J. D. Barrow and T. Clifton, Phys. Rev. D 73 103520 (2006)
(arXiv:gr-qc/0604063)] (from now on the BC ansatz) which deals with the transfer of energy
between any two fluids (not necessarily in the dark sector) using a two-parameter scheme (α1,
α2) and that has the advantage of exhibiting, explicitly, the form of the interaction factor
appearing in the continuity equation of each fluid (the Q interaction factor), besides being
linear in both densities. By considering a scenario with two interacting linear barotropic fluids
with constant, but otherwise arbitrary, equation of state parameters ω1 and ω2, we will find
the explicit relations between (α1, α2) and (ε1, ε2). Depending on the type of problem that
one has to face, either the GSS or the BC ansatz may be more convenient from a mathematical
point of view. Therefore, the demonstration of their relationship may be useful to simplify the
calculations in several cases. Moreover, as ω1 and ω2 will not be restricted to any particular
values, our treatment may be used to analyze interactions in many different cosmological
frameworks, related to any cosmic epoch, such as the very early universe or the present
epoch of accelerated expansion. We will review the thermodynamics of this two-fluid model
and shall investigate how the thermodynamic quantities depend on the factor describing the
interaction (the Q factor of the BC scheme). As an example, the general formalism will then
be applied to study the dynamics and the thermodynamics of vacuum decay. We will show
that most, but not all, of the expressions proposed in the literature for the time dependence
of the cosmological “constant” Λ are compatible with particular cases (one parameter set to
zero) of the BC ansatz (equivalently, the SS approach). Only one of them is compatible with
the general BC two-parameter case (or the GSS ansatz). The analysis performed here - under
the point of view of an interaction process between the vacuum and the second fluid - shows
explicitly how the vacuum decay depends on the equation of state parameter of the second
fluid. We will also derive an exact solution for the scale factor in the vacuum decay scenario
corresponding to the two-parameter GSS scheme. Under convenient conditions imposed on
the signs of the quantities involved, this solution may lead to non-singular cosmologies and to
universe expansions that exhibit transitions from a non-accelerated to an accelerated era or
vice-versa. In fact, the interaction process can modify the dynamics in such a way that, for
certain values of the parameters, “unusual” cosmic histories may result, even if the relevant
fluids are not “exotic”. Another interesting feature of our generalization of the SS ansatz (in
the context of vacuum decay) is the possibility of having a zero initial condition for the energy
density of the second fluid. Our analysis is entirely made at the background level.
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1 Introduction
In recent years, there has been a growing interest on cosmological models driven by
interacting fluids. In most cases, the motivation is to analyze the effect that an interaction
between the components of the dark sector would have on the expansion dynamics of the
Universe [1]-[22]. Frequently, this is also done as an attempt to alleviate the cosmological
constant problem - the question of why the current value of the vacuum energy density differs
from the theoretical value by around 120 orders of magnitude [23, 24] - and the coincidence
problem - the fact that the vacuum energy density is very close to the matter energy density
today [25]. However, the transfer of energy between two fluids may arise in many different
cosmological scenarios, such as on the electron-positron annihilation after neutrino decoupling
[26, 27], an evaporating population of primordial black holes [28] (where the primordial black
holes is taken to be one fluid and radiation the second one) [26, 27], vacuum decay models
[20, 27], [29] - [40], gravitational collapse [41], deflationary universes with particle production
[26], etc. As it will be shown below, in principle, the interaction may change the cosmic
dynamics in such a way as to induce a period of accelerated expansion, even if the interacting
fluids are not “exotic”.
Different aspects of such scenarios have been investigated in the literature. The use of
dual transformations to describe cosmological models with interacting fluids has been applied
in [42, 43] to give a description of the late time acceleration of the Universe and to analyze
phantom cosmologies, whereas Chimento and Forte have provided a scalar field representation
– 1 –
of the interacting fluids in [44]. The formal similarity of interacting fluid cosmologies with
models with bulk dissipative pressure and with nonlinear equations of state (such as the
Chaplygin gas [45]) has been studied in [36, 46, 47]. In this latter reference, an effective
one-fluid description of interacting fluids cosmologies was developed and it was shown that,
in some cases, this leads to different alternatives to the ΛCDM model. Moreover, Chimento
made explicit the fact that a generic nonlinear interaction induces an effective equation of
state of the type found on the variable modified Chaplygin gas model [47].
A particularly interesting approach has been given recently by Perez et al. in [48], where
the coupling of the cosmological fluids has been studied with the Lotka-Volterra equation
of population dynamics, with the interacting fluids being mathematically equivalent to the
competitive species. The study of density perturbations in interacting fluids cosmologies was
made in [49], whereas Reyes and Aguilar have studied dark energy interactions in the context
of the induced matter theory of gravity [50]. Interactions between a scalar field and an ideal
fluid with a time dependent equation of state were investigated in [51] and interacting models
related to phantom fields were studied in [52, 53].
Following an early proposal of Chimento [54] (see also [55]), Cataldo and collaborators
[56] have investigated cosmological models driven by a scalar field φ (canonical and phantom)
by considering a single field as a mixture of stiff and vacuum components that interact with
each other. Under some restrictions on the type of interaction, this method leads to an ana-
lytical form for the potential. In reference [42], a similar treatment was given to a conformal
field with a specific potential, leading to an interpretation of the field energy as a mixture
of vacuum and radiation. This kind of approach is particularly suited to the investigation of
inflation (see [57] for a review), a scenario that has gained even more importance due to the
controversial results of the BICEP1 [58].
The literature on the subject of interacting fluids cosmologies follows, generally speaking,
two tracks: the investigation of theoretical aspects of the interaction process (mechanisms of
interaction, phenomenological descriptions, thermodynamical treatment, etc.) and numerical
analysis that provide observational constraints on the free parameters that appear on the
theoretical models (see, for instance, [19] and references therein). In the present paper, we will
concentrate on the first track, by extending and demonstrating the dynamical equivalence of
two of the most used phenomenological models (for barotropic fluids with equation of state of
the type pi = ωiρi, for any constant ωi), deriving some conclusions based on thermodynamical
considerations and then applying these results for vacuum decay scenarios.
It is important to note that, although Faraoni et al. [59] have recently proposed a
covariant formulation for models with interacting cosmological fluids, the usual treatment is
straightforward for Friedmann models: to write the energy-momentum tensor as a sum of
two or more perfect fluids (usually with linear barotropic equations of state pi = ωiρi) and
not to take into account the interaction directly on the energy-momentum tensor. Rather,
the interaction feature is put by hand through the use of interactions factors Qi on the
continuity equations for each component, i. e., ρ˙i + 3H(ρi + pi) = Qi . In order to guarantee
the energy-momentum conservation of the composite fluid (with energy density ρ =
∑
i ρi),
these interaction factors must satisfy the constraint
∑
iQi = 0. As there is no established
fundamental physical mechanism that could unambiguously lead to a specific form for the Qi
factors, different phenomenological ansatzes have been proposed (see, for example, [19]). One
must be aware that, in many cases, these ansatzes are chosen, basically, in order to make the
problem mathematically tractable.
A particularly interesting scheme is to assume the Qi factors to be linear combinations
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of the energy densities multiplied by the Hubble parameter H, that is, Qi = H
∑
i αiρi
(subjected to the above mentioned constraint). The advantage of this linear scheme is that
the unknown multiplicative constants α’s (two free parameters for the interaction between
two fluids) are dimensionless. The two fluids scenario (with Q ≡ Q1 = −Q2) was studied by
Barrow and Clifton [27, 60] and later by Cotsakis and Kittou [61] (see Equation 22 in Section
3 below). However, particular cases of this approach are, by far, the most commonly used in
the literature. In these rather popular special cases, Q is proportional to H and to just one
of the energy densities (see Equations 19 and 20 in Section 3) or proportional to H and to
the sum of the two energy densities (Equation 21 in Section 3). Obviously, these situations
correspond to a restricted scheme with just one free parameter (one α).
What seems to be a different ansatz is the one investigated by Wang and Meng on [34],
related to vacuum decay models. By considering that the time evolution of pressureless matter
density is affected by the vacuum decay (where the vacuum has equation of state pv = −ρv),
they argue that the energy density of matter will decrease in a rate slightly different from
the usual a−3 behavior, where a(t) is the scale factor. This deviation is described by a
constant parameter ε, so that the energy density will decay as a−3+ε. Actually, such a scheme
(with the energy transfer from the vacuum affecting the exponent of the scale factor in the
expression for the matter component), was proposed earlier by Shapiro, Solà, España-Bonet,
and Ruiz-Lapuente in [29] and further investigated by the same authors in [30]. In these later
references (published before the Wang and Meng paper), the modified exponent arises from
physical arguments based on quantum effects near the Planck scale. The theoretical basis
- the fact that in quantum field theory the parameters of the vacuum action are subject to
renormalization group running - was explored even earlier by Shapiro and Solà in [31]. In this
approach, the free parameter (named ν) is linked to the beta-function of a renormalization
group equation (see also [32, 33]). The parameter ε used later by Wang and Meng is just
equal to 3ν.
These vacuum decay scenarios (using the Wang and Meng parameterization) were later
investigated in [35] and then generalized by several authors in order to take into account a
possible interaction between dark matter (with equation of state pm = 0) and dark energy
(with equation of state px = ωxρx) [9, 10] (see also [19, 20]). Apparently, this scheme has a
better physical motivation, since one can argue that it would be reasonable to expect that
the effect of the interaction would not be very large, so that its net effect would appear as a
small modification on the decay law of the pressureless matter component. Nevertheless, one
should notice that the general linear scheme mentioned above depends on two free parameters
(α1 and α2 for a two-fluid scenario), whereas the one used by Wang and Meng has only one
free parameter ε (or ν in the original parameterization of Shapiro, Solà, España-Bonet, and
Ruiz-Lapuente).
In the present paper, we will show that the later approach can be further generalized
into a two parameter model (ε1 and ε2) and that, with this generalization, it is just another
way of expressing the Barrow and Clifton ansatz. Moreover, this generalization will apply to
any two perfect fluids with linear barotropic equations of state (constant equation of state
parameters ω1 and ω2), not being restricted to interactions with a zero pressure component,
or to vacuum decay models. Therefore, our treatment can be used to describe interactions of
several kinds (as those mentioned in the first paragraph) and taking place at any time during
the cosmic history, from the very early universe (in inflationary scenarios, for instance) to the
present day epoch (in order to describe a possible interaction between dark matter and dark
energy). We will also clarify how one can turn from one scheme to the other. These rather
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general results will be applied for a very detailed analysis of the case of vacuum (ω2 = −1)
interacting with a fluid of arbitrary ω (ω = ω1).
Models with vacuum decay, or, equivalently, scenarios with a time dependent cosmolog-
ical constant Λ(t), have been considered in the literature for a long time. (For a review on
the problem of the cosmic vacuum, see [62].) The first proposal of a decaying cosmological
term was made in 1933 by M. P. Bronstein [63]. Several phenomenological models have been
proposed with different motivations [27, 35, 36, 40], [64] - [72] and some of them have also
been shown to be dynamically equivalent (see, for example, [34] and references therein).
The thermodynamical analysis of the vacuum decay process has also been made in the
literature [35, 66]. One should be aware, however, that not all of these studies have been
made under the point of view of an interaction with another fluid. In the present article, we
will study these models under the optics of the “Q factor” interaction scheme cited above,
both dynamically and thermodynamically. From this approach, it will be made explicit
the equivalence of some of these proposals, a fact that has already been noticed by several
authors (see, for instance [34] and references therein), though following different reasoning.
In fact, it will be shown that most of the usually proposed schemes for the time dependence
of the cosmological “constant” are equivalent to choose the Wang and Meng proposal, or,
equivalently, the particular form of the linear ansatz of Barrow and Clifton with one of the
α’s set to zero. It will also become apparent that, contrary to what it is sometimes assumed
[35, 66], there can be no vacuum decay with a constant specific entropy for the vacuum
“fluid”. (The spectrum of the quantum vacuum seen as a barotropic fluid with equation of
state parameter ω = −1 was studied by Lima and Maia Jr. in [73], but under the condition
of a constant Λ. For alternative views on the problem of the vacuum entropy, see [74–
76].) The analysis developed in Section 6 will also show that the entropy per particle of the
fluid interacting with the vacuum and the rate of change of its particle number (ψ) cannot
simultaneously be zero. For the case of dust (ω = 0 and ρ = nm), an interaction with vacuum
can occur with ψ = 0 through an increase on the massm of the particles. (This is the scenario
of Variable Mass Particles (VAMP’s) [77].)
We have also been able to derive an exact solution for the scale factor in models with
vacuum decay by using a generalized time coordinate, under the assumption of the general
linear interaction ansatz (two free parameters). Since we do not particularize the equation of
state parameter of the fluid interacting with the vacuum component (we will call it ω1), our
solution can be used to investigate the dynamics of the early universe (with vacuum decaying
into radiation or any other fluid), as well as to the study of present day interactions involving
a time dependent cosmological constant and dark matter (Λ(t)CDM). An advantage of the
Q-interaction approach that we have used is precisely the fact that the parameters related
to the second fluid appear explicitly on the relevant equations, including the initial energy
density. As a consequence, we have deduced the important result that, for the general two free
parameters scheme (but not for the restricted ones), it is possible to have initial conditions
where only vacuum is initially present, with normal matter or radiation arising exclusively
from the vacuum decay. (For an early paper on the problem of particle creation from the
vacuum, see [78].)
It is worth mentioning that a much deeper issue (not tackled here) is the possibility of
a Universe “created from nothing”. An early proposal of a scenario in which the Universe
originates from a vacuum fluctuation can be found in [79] (see also [80] and [81]). In reference
[82], McGuigan investigates the Universe creation from a third-quantized vacuum. A recent
analysis of the issue of creation from nothing was done on Krauss book [83], whereas a
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rebuttal of some of Krauss assumptions was made in [84]. The book by Jim Holt also gives
a philosophical approach to this matter [85]. For other recent analysis on this question, see
[86] - [89].
This paper will be organized as follows. In Section 2, we present the basic equations
for a model with two interacting fluids in a homogeneous and isotropic universe. A review
of the Barrow and Clifton and of the Shapiro and Solà ansatzes (using the Wang and Meng
parameterization) will be made on Section 3. In Section 4 we will show how the Shapiro
and Solà ansatz can be extended to become a two-parameter model and make explicit its
equivalence to the Barrow and Clifton scheme for arbitrary ω1 and ω2. A brief review of
the thermodynamics of interacting fluids cosmologies (in the lines developed by Zimdahl in
reference [90]) will be presented in Section 5. In Section 6, we analyze, under the optics of the
interaction process, several decay vacuum models proposed in the literature and show that
most of them (but not all) are equivalent to particular cases (one free parameter only) of the
Barrow and Clifton ansatz applied to the case where one of the interacting components is the
vacuum. We will further identify the only functional form for Λ(t) found in the literature that
is compatible to the general form (two free parameters) of the Barrow and Clifton scheme.
For this general case, we will derive an exact analytical solution for the scale factor and
will investigate the conditions for a null initial condition for the matter or radiation fluid.
Some important theoretical constraints based on thermodynamical arguments will also be
presented. In Section 7 we present our final comments. The units used are such that c = 1
and all the analysis will be made at the background level.
2 Two interacting cosmological fluids
In this paper, the scale factor of the Friedmann-Robertson-Walker metric will be denoted by
a, a dot represents the derivative with respect to the cosmic time t, and, for simplicity, we set
C ≡ 8piG
3
, (2.1)
where G is the gravitational constant.
Moreover, the subscript zero will identify the value of a certain quantity in an arbitrary
time t0 and/or quantities that are defined in terms of other quantities evaluated at t0. Note
that t0 can be, but not necessarily is the present time. This should be kept in mind, as our
formalism can also be applied to the early universe and is not restricted to the study of a
possible present day interaction in the dark sector. In this way,
a0 ≡ a(t0), (2.2)
and, if the Hubble parameter is
H =
a˙
a
=
A˙
A
, (2.3)
then
H0 ≡ H(t0), (2.4)
etc., where we have set
A ≡ a
a0
, (2.5)
so that
A0 = 1. (2.6)
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The Friedmann equations for a homogeneous and isotropic Universe then read
H2 = C(ρ+ ρk), (2.7)
a¨
a
= −C
2
(ρ+ 3p), (2.8)
where
ρk = − k
Ca2
(2.9)
is the effective density that could be associated with the curvature (k = 0,+1,−1); ρ and
p are the total energy density and pressure associated with all matter fields, including, if
necessary, the vacuum energy density ρv given by
ρv =
Λ
8piG
=
Λ
3C
; (2.10)
with Λ being the cosmological “constant”, which is time-dependent in vacuum decay scenarios.
From (2.7) and (2.8) we may derive the useful equation
H˙ =
a¨
a
−H2 = a¨
a
− C(ρ+ ρk). (2.11)
In what follows, we will be concerned only with situations such that the dynamics is driven by
the two perfect interacting fluids 1 and 2, with the contributions of other components being
negligible. Therefore,
ρ = ρ1 + ρ2 (2.12)
and
p = p1 + p2. (2.13)
As the analysis will not be restricted to interactions in the dark sector, we consider two perfect
fluids with arbitrary, though constant, equations of state parameters, that is, two fluids such
that
p1 = ω1ρ1, p2 = ω2ρ2, (2.14)
with ω1 and ω2 being both constant but not restricted to any particular interval of values.
The conservation equation for the total energy-momentum tensor, derived directly from
equations (2.7) and (2.8) is then
ρ˙+ 3H(ρ+ p) = 0, (2.15)
or, with the help of (2.12), (2.13) and (2.14),
ρ˙1 + ρ˙2 + 3H[(ω1 + 1)ρ1 + (ω2 + 1)ρ2] = 0. (2.16)
Note that, in principle, there is no energy-momentum conservation for the two fluids sepa-
rately; rather, if we write
ρ˙1 + 3H(ρ1 + p1) = Q1 ≡ Q, (2.17)
ρ˙2 + 3H(ρ2 + p2) = Q2 ≡ −Q, (2.18)
the conservation equation (2.15) (or, equivalently, (2.16)) will be automatically satisfied. The
“Q factor” has the dimensions of energy density/time.
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3 The Barrow and Clifton versus the Shapiro and Solà ansatzes
3.1 The Barrow and Clifton ansatz
In the absence of a microscopic model for the interaction of the two fluids (i. e., for an
explicit form for the Q factor), most proposed schemes are phenomenological (and aimed also
at furnishing a model that is mathematically tractable).
One of the most used schemes is to make Q be linearly proportional to the Hubble
parameter H and to one of the fluid densities (ρ1 or ρ2, say), so that [9, 11, 39, 91, 92]
Q = α1Hρ1, (3.1)
or
Q = α2Hρ2, (3.2)
where α1 and α2 are constant dimensionless parameters. In particular, the authors of reference
[91] have investigated the possibility of getting non-singular models, as well as a late time
accelerated expansion with interacting fluids that obey the strong energy condition.
Another linear ansatz found in the literature is to take α1 = α2 = α and write Q as
[13, 19]
Q = αH(ρ1 + ρ2). (3.3)
In reference [27], Barrow and Clifton considered a yet more general linear scheme
Q = α1Hρ1 + α2Hρ2, (3.4)
which obviously generalizes equations (3.1 - 3.3). (See also [60, 61].)
Besides its simplicity, the above linear proposals have the advantage of dealing only
with dimensionless free parameters. Non-linear proposals have been considered in [15, 47, 93]
and, more recently, by Cotsakis and Kittou [94] in relation with the study of cosmological
singularities.
As we will show in Section 6, most vacuum decay models that have been proposed in
the literature are, in fact, of the type described by equation (3.1), if we take ρ2 to be the
vacuum energy density ρv with a time-dependent Λ.
However, if one goes beyond the necessity of working with a model that is mathematically
more friendly, it seems unlikely that the interaction rate may depend on the density of just
one of the interacting fluids, but not on the other, as in the cases described by (3.1) and (3.2).
Similarly, equation (3.3) assumes that the interaction rate depends equally on both energy
densities, which could be an oversimplification of a physical process that, in the microphysical
domain, is probably a rather complex one. Therefore, it seems plausible that the ansatz (3.4)
is a much more “physical” one, (reinforced by the fact that it deals only with dimensionless
free parameters), although it does make the mathematics more complicated than in the cases
(3.1) - (3.3). We will refer to the Barrow and Clifton ansatz (3.4) as the BC ansatz, or the
BC scheme.
3.2 The Shapiro and Solà ansatz
As we have mentioned in Section 1, what seemed to be a different ansatz was the one orig-
inally proposed by Shapiro, Solà, España-Bonet, and Ruiz-Lapuente on [29, 30] and further
developed by Wang and Meng on [34] for investigating vacuum decay models (that is, a fluid
with pv = −ρv). By considering that the time evolution of pressureless matter density ρm
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(i.e, pm = 0) is affected by the vacuum decay, Wang and Meng argue that it will decrease in
a rate slightly different from a−3, where a is the scale factor. This deviation is described by
a constant parameter ε, so that
ρm = ρm0
(
a
a0
)−3+ε
, (3.5)
without the need of directly ascribing a definite form for Q. From (3.5), Wang and Meng
have derived that the dependence of the vacuum energy with the scale factor is
ρv = ρ˜v0 +
ερm0
3− ε
(
a
a0
)−3+ε
, (3.6)
with ρ˜v0 being an integration constant that they have called “the ground state of the vacuum”,
(they have actually set a0 = a(t0) = 1, but we keep it arbitrary, for clarity). Note also that
(3.6) implies that ρ0v ≡ ρv(t0) = ρ˜v0 + ερm03−ε . A thermodynamical analysis of this proposal
was made in [35]. (In fact, an expression equivalent to (3.6) was derived earlier in [29, 30].)
This form of studying the interaction between cosmic fluids was later generalized in
order to take into account a possible interaction between dark matter (with equation of state
pm = 0) and dark energy (with equation of state px = ωxρx) [9, 10]. Following the same line
of reasoning, the later authors have proposed that the interaction would make the pressureless
matter component evolve as in (3.5), which would lead the dark energy component to evolve
as
ρx = ρ˜x0
(
a
a0
)−3(1+ωx)
+
ερm0
3|ωx| − ε
(
a
a0
)−3+ε
. (3.7)
(We have slightly adapted the notation of reference [9], but note that, contrary to what is
stated in that article, ρ˜x0 is not the value of the energy density of the dark energy component
at t0. In fact, from (3.7), it is directly seen that ρ0x ≡ ρx(t0) = ρ˜x0 + ερm03|ωx|−ε) (See also
[19, 20]). The possibility of a varying ε(a) was investigated in [14].
One immediately notes that the BC ansatz is a two parameter one (α1 and α2), whereas
the Shapiro and Solà ansatz, and its above-mentioned generalizations (the SS ansatz, or the
SS scheme), have only one free parameter (ε). Therefore, the two proposals cannot be directly
equivalent, as they stand.
In the next Section, we will show that one can give a more general form to the SS ansatz
(with two free parameters ε1 and ε2) that makes it fully dynamically equivalent to the BC
scheme. We also derive the relations among (ε1, ε2) and (α1, α2). Furthermore, contrary to
what was made in references [9, 10, 34, 35], the treatment will not be restricted to interactions
with a pressureless component: we deal with interactions of two fluids with arbitrary equation
of state parameters ω1 and ω2.
4 Generalizing the Shapiro and Solà ansatz and its equivalence with the
Barrow and Clifton scheme
In order to turn the SS ansatz (using the Wang and Meng parameterization) into a two
parameter one (as it happens in the BC scheme), we first notice, from (3.5) and (3.6), that,
in this proposal, the dependence of the energy density ρm of the matter component with
the scale factor continues to be written as a single term (as in the non-interacting case),
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although with the exponent modified by the additional parameter ε. On the other hand, as
a consequence of this choice, and of the Friedmann equation (2.7) (with ρk = 0), the second
component (vacuum in (3.6) and dark energy in (3.7)) acquires a second term besides the one
that would be present in the non-interacting scenario: the constant part ρ˜v0 for the vacuum
case and the one proportional to
(
a
a0
)−3(1+ωx)
for the dark energy with equation of state
px = ωxρx. These additional terms are ερm03−ε
(
a
a0
)−3+ε
in (3.6) and ερm03|ωx|−ε
(
a
a0
)−3+ε
in (3.7).
Note that, in both cases, the additional term is proportional to the scale factor dependence
of the matter component (with the exponent modified by ε).
There are, therefore, two noticeable asymmetries in this model: a modified exponent
only on the pressureless matter component and an energy density written as a sum of two
terms, only on the vacuum or dark energy component.
We are, therefore, led to look for a generalization of the Wang-Meng proposal that makes
this ansatz a symmetrical one. We do this by introducing a second parameter ε2 (that will
make both components have a modified exponent) and, at the same time, writing both energy
densities as a sum of two terms. The expressions for ρ1 and ρ2 are written in terms of four
constants C1, C2, D1 andD2 that are to be determined basically from the Friedmann equation
(2.7). (Note that we are restricted neither to consider dust to be fluid 1, nor to consider dark
energy to be fluid 2!) We set:
ρ1 = C1A
−3(1+ω1)+ε1 +D1ρ2, (4.1)
ρ2 = C2A
−3(1+ω2)+ε2 +D2ρ1, (4.2)
From (4.1) and (4.2), we obtain
(1−D1D2)ρ1 = C1A−3(1+ω1)+ε1 +D1C2A−3(1+ω2)+ε2 . (4.3)
It is easily seen that the condition 1 − D1D2 = 0 would correspond to the degenerate and
undetermined case −3(1 + ω1) + ε1 = −3(1 + ω2) + ε2. Hence, from now on, we assume
1−D1D2 6= 0, which is equivalent to define the non-zero parameter
Γ ≡ 3(ω2 − ω1) + ε1 − ε2 6= 0. (4.4)
Under this restriction, (4.2) and (4.3) lead to
ρ1 =
C1
1−D1D2A
−3(1+ω1)+ε1 +
D1C2
1−D1D2A
−3(1+ω2)+ε2 , (4.5)
ρ2 =
D2C1
1−D1D2A
−3(1+ω1)+ε1 +
C2
1−D1D2A
−3(1+ω2)+ε2 . (4.6)
Taking (2.6) into account and writing
ρ1(t0) ≡ ρ01, ρ2(t0) ≡ ρ02, (4.7)
it is easily seen that
ρ01 =
C1 +D1C2
1−D1D2 , (4.8)
and
ρ02 =
C2 +D2C1
1−D1D2 . (4.9)
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By substituting (4.5), (4.6) and their time derivatives into (2.16), we get
C1A
−3(1+ω1)+ε1{[−3(1 + ω1) + ε1](1 +D2) + 3(ω1 + 1) + 3(ω2 + 1)D2}+
C2A
−3(1+ω2)+ε2{[−3(1 + ω2) + ε2](1 +D1) + 3(ω2 + 1) + 3(ω1 + 1)D1} = 0. (4.10)
Note that (4.10) must hold for any t and, since −3(1 +ω1) + ε1 6= −3(1 +ω2) + ε2 (otherwise
Γ would be null), and as C1 and C2 cannot be simultaneously zero (otherwise, ρ1 = ρ2 = 0),
we may conclude that
[−3(1 + ω1) + ε1](1 +D2) + 3(ω1 + 1) + 3(ω2 + 1)D2 = 0, (4.11)
and
[−3(1 + ω2) + ε2](1 +D1) + 3(ω2 + 1) + 3(ω1 + 1)D1 = 0. (4.12)
Equation (4.11) implies that
D2Γ1 = −ε1, (4.13)
with
Γ1 ≡ 3(ω2 − ω1) + ε1 6= 0. (4.14)
Obviously, from (4.13), a null Γ1 would imply a null ε1. Consequently, we find the constant
D2 to be
D2 =
−ε1
Γ1
. (4.15)
Analogously, from (4.12),
D1Γ2 = ε2, (4.16)
with
Γ2 ≡ 3(ω2 − ω1)− ε2 6= 0. (4.17)
so that
D1 =
ε2
Γ2
. (4.18)
By taking into account (4.4), (4.8), (4.9), (4.14), (4.15), (4.17) and (4.18) in (4.5) and (4.6),
we finally find
ρ1 =
1
3(ω2 − ω1)Γ[Γ1E02A
−3(1+ω1)+ε1 + ε2E01A−3(1+ω2)+ε2 ], (4.19)
ρ2 =
1
3(ω2 − ω1)Γ[−ε1E02A
−3(1+ω1)+ε1 + Γ2E01A−3(1+ω2)+ε2 ], (4.20)
where we have defined
E01 ≡ Γ1ρ02 + ε1ρ01, (4.21)
E02 ≡ Γ2ρ01 − ε2ρ02. (4.22)
The total energy density is, therefore,
ρ = ρ1 + ρ2 =
1
Γ
[E02A
−3(1+ω1)+ε1 + E01A−3(1+ω2)+ε2 ]. (4.23)
Expressions (4.19) and (4.20) generalizes the SS proposal for any pair of equation of state
parameters ω1 and ω2 and, at the same time, turns it into a two parameter interaction ansatz
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(parameters ε1 and ε2). We will refer to it as the Generalized Shapiro and Solà ansatz
(GSS).
It is straightforward to see that, for ω1 = 0, ω2 = −1, and ε2 = 0, we recover the Wang
and Meng results (3.5) and (3.6), which, in our notation (m → 1, v → 2, ε → ε1, aa0 → A)
read
ρ1 = ρ01A
−3+ε1 , (4.24)
ρ2 =
ε1ρ01
3− ε1A
−3+ε1 +
(
ρ02 − ε1ρ01
3− ε1
)
. (4.25)
Note that the sum of the two constant terms in the above equation is, exactly, what Wang
and Meng have called “the ground state of the vacuum”, ρ˜v0 [34].
Analogously, for ω1 = 0, ω2 = ωx, and ε2 = 0, and noticing the correspondence m→ 1,
x→ 2, ε→ ε1, aa0 → A, we arrive at the results of [9, 10], that is, equation (4.24) and
ρ2 =
ε1ρ01
−(3ω2 + ε1)A
−3+ε1 +
(
ρ02 +
ε1ρ01
3ω2 + ε1
)
A−3(1+ω2), (4.26)
where the term in the parenthesis is what the authors of the above-mentioned references have
called ρ˜x0. (Those authors have considered ωx to be negative, so that |ωx| = −ωx.)
In order to show that the GSS ansatz is contained in the BC scheme, we first obtain,
from (4.19) and (4.20),
E02A
−3(1+ω1)+ε1 = Γ2ρ1 − ε2ρ2, (4.27)
E01A
−3(1+ω2)+ε2 = ε1ρ1 + Γ1ρ2. (4.28)
We then evaluate the time derivative of (4.19) and substitute this derivative and the density
ρ1 itself in equation (2.17), making use of (4.27) and (4.28), to arrive at
Q = H
[
ε1Γ2
3(ω2 − ω1)ρ1 −
ε2Γ1
3(ω2 − ω1)ρ2
]
. (4.29)
By comparing the above result with equation (3.4), we conclude that the GSS ansatz
(two parameters) is dynamically equivalent to the BC ansatz, if we make the identifications
α1 =
ε1Γ2
3(ω2 − ω1) = ε1
[
1− ε2
3(ω2 − ω1)
]
, (4.30)
α2 =
−ε2Γ1
3(ω2 − ω1) = −ε2
[
1 +
ε1
3(ω2 − ω1)
]
. (4.31)
The original one parameter SS proposal (ε2 = 0) is, therefore, equivalent to the particular
case (3.1) of the BC proposal, α2 = 0 and Q = α1Hρ1, with α1 = ε1. Table 1 shows the
correspondence between the two parametrizations for several cases.
The parameter α1 is also null if Γ2 = 0, but, in this case, from (4.16), ε2 = 0, so that
α1 = α2 = 0 and ω1 = ω2. In a similar manner, α2 would be zero also for Γ1 = 0, but, from
(4.13), this would imply ε1 = 0, α1 = α2 = 0 and ω1 = ω2. Consequently we are justified to
impose the conditions (4.14) and (4.17): Γ1 6= 0, Γ2 6= 0 (besides the condition (4.4), Γ 6= 0).
From (4.30) and (4.31), it is also possible to show that α1 = 0⇒ ε1 = 0 and α2 = 0⇒
ε2 = 0. Therefore, α1 = 0⇔ ε1 = 0 and α2 = 0⇔ ε2 = 0. This completes the demonstration
of the dynamical equivalence between the GSS and the BC ansatzes.
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Generalized Shapiro and Solà (GSS) Barrow and Clifton (BC)
ε1 6= 0, ε2 6= 0 α1 = ε1Γ23(ω2−ω1) , α2 =
−ε2Γ1
3(ω2−ω1) , Q = H(α1ρ1 + α2ρ2)
ε1 6= 0, ε2 = 0 α1 = ε1, α2 = 0, Q = α1Hρ1
ε1 = 0, ε2 6= 0 α1 = 0, α2 = −ε2, Q = α2Hρ2
ε2 = −ε1 6= 0 α1 = α2 = α = ε1
[
1 + ε13(ω2−ω1)
]
, Q = αH(ρ1 + ρ2)
ε2 = ε1 = ε 6= 0 α1 = ε
[
1− ε3(ω2−ω1)
]
, α2 = α1 − 2ε, Q = H(α1ρ1 + α2ρ2)
Table 1. The comparison between the GSS and the BC ansatzes.
Although the Wang and Meng proposal seems to be physically motivated on better
grounds, the above presentation shows that it is just another (equivalent) way of writing the
Barrow and Clifton ansatz.
Moreover, expressions (4.19) and (4.20) can be used to any interaction scenario where the
two fluids may be described by linear barotropic equations of state with constant parameters.
That is to say, they are amenable to be used not only in studies related to the present
accelerated era of expansion, but also at intermediate and early phases of the Universe, such
as the inflationary period.
In a forthcoming publication [95], we will present, as an application of the above for-
malism, a comprehensive cosmological analysis for models with arbitrary equation of state
parameters ω1 and ω2, providing an exact solution for the scale factor for any ω1 and ω2. In
the present paper, we will restrict ourselves to the presentation of a detailed analysis only for
vacuum decay models.
5 Thermodynamical description and the Q interaction term
5.1 Zimdahl’s analysis and the Q factor
As it should be expected, the Q term plays an important role on the thermodynamical analysis
of the interacting fluids scenario. In the next section, we will apply the above results for models
with vacuum decay, that is, for scenarios where a time dependent cosmological “constant” Λ(t)
exchanges energy with a barotropic fluid. In such scenarios, thermodynamical considerations
are especially relevant. In view of this, and for the sake of clarity, in the present subsection
we will briefly reproduce the thermodynamical analysis performed by Zimdahl in reference
[90], where the reader can find a detailed study of the theme. (See also [26].) We will use
Zimdahl’s notation with minor adaptations.
Zimdahl’s treatment for the two interacting fluids model can be resumed as follows.
The total energy-momentum tensor can be written as a sum of two perfect fluid parts
as
T ik = T ik(1) + T
ik
(2), (5.1)
with
T ik(L) = (ρL + pL)u
iuk + pLg
ik, (L = 1, 2) (5.2)
where gik is the metric tensor and ui is the four-velocity, which is supposed to be the same
for both fluids. The particle flow vector for species L is defined as
N i(L) = nLu
i, (5.3)
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where nL is the particle number density of that species, and we allow for particle production
or decay for each component, so that
N i(L);i = n˙L + 3HnL = nLψL ≡ ΨL, (5.4)
with ; representing the covariant derivative and ψL the rate of change of the number of
particles of species L.
Each fluid is not separately conserved, so that
T ik(L);k = −ti(L). (5.5)
The conservation of the energy-momentum of the composite fluid then implies
T ik(L);k = T
ik
(1);k + T
ik
(2);k = −ti(1) − ti(2) = 0. (5.6)
Hence,
ti(2) = −ti(1). (5.7)
Equation (5.5) leads to
ρ˙L + 3H(ρL + pL) = ujt
j
(L) ≡ QL. (5.8)
From equations (5.7) and (5.8), we derive the condition
Q1 = −Q2 ≡ Q (5.9)
that has already been used in the previous section.
The particle number density, however, does not obey a similar condition. The total
particle number density is
n = n1 + n2, (5.10)
so that
n˙+ 3Hn = nψ, (5.11)
where
nψ = n1ψ1 + n2ψ2. (5.12)
Obviously, ψ is the rate by which the total particle number density n changes. (The case
treated here is not to be confused with the one discussed in reference [96], where the creation
of particles does not arise due to the interaction between fluids, but rather as a consequence
of the interaction between a single fluid and the gravitational field itself.)
Since one can freely define which is the open thermodynamical system under considera-
tion, the Gibbs relation can be separately written for each component L [90]:
TLdsL = d
(
ρL
nL
)
+ pLd
(
1
nL
)
, (5.13)
where TL and sL are, respectively, the temperature and the entropy per particle of species L,
given, in terms of the chemical potential µL, by [97]
sL =
ρL + pL
nLTL
− µL
TL
. (5.14)
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Equation (5.13) can be recast as
TLdsL = −(ρL + pL)
n2L
dnL +
1
nL
dρL, (5.15)
a form particularly suited to the analysis that will be made in the next section.
From (5.4), (5.8) and (5.15), we get an important relation among the interaction fac-
tor QL, the rate of change of the particle number ψL and other relevant thermodynamical
quantities:
nLTLs˙L = QL − (ρL + pL)ψL. (5.16)
Although this equation has been presented by Zimdahl long ago [90], it is usually not taken
into consideration in the literature that deals with interacting cosmological fluids. (Zimdahl
has not used the notation QL, preferring to stick to the notation ujt
j
(L).) It shows that, due
to the presence of the interaction Q factor and of the source term for the particle number
density, the entropy per particle of each species may vary with time. Any assumption on the
rate of particle production and on the existence and type of interaction between fluids will
affect the time rate of change of the specific entropy of a given species. We will show, in the
next Section, how this will affect the scenarios with vacuum decay.
The condition (5.9) applied to equation (5.16) in a two components scenario leads to
n1T1s˙1 + (ρ1 + p1)ψ1 = −n2T2s˙2 − (ρ2 + p2)ψ2. (5.17)
Furthermore, the treatment presented by Zimdahl does not require any restriction on the
equation of state of fluid 2, so that, in principle, equations (5.16) and (5.17) do apply when
p2 + ρ2 = 0, as it happens if the interaction is between an arbitrary fluid 1 and the vacuum.
For completeness, we mention two further results obtained by Zimdahl’s thermodynam-
ical analysis. The time evolution equation for the temperature of each fluid comes from the
fact that the entropy is a state function and by assuming the energy density and the pressure
to be functions of the particle number density and of the temperature (see [90] for details):
T˙L = TL(ψL − 3H)∂pL/∂TL
∂ρL/∂TL
+
QL − ψL(ρL + PL)
∂ρL/∂TL
, (5.18)
or, using (5.16),
T˙L =
TL
∂ρL/∂TL
[
(ψL − 3H)∂pL
∂TL
+ nLs˙L
]
. (5.19)
Furthermore, the entropy flow vector Si(L) is defined to be
Si(L) = nLsLu
i, (5.20)
and the contribution of the fluid L to the entropy production density turns out to be [90]
Si(L);i = nLsLψL + nLs˙L =
[
sL − (ρL + pL)
nLTL
]
nLψL +
QL
TL
=
1
TL
(QL − µLnLψL), (5.21)
where we have used equations (5.14) and (5.16).
The interaction factor Q also appears on the expression for the total entropy-production
density. Taking Q1 = Q = −Q2 , we get, from (5.21),
Si;i = S
i
(1);i + S
i
(2);i = Q
(
1
T1
− 1
T2
)
−
(
µ1n1ψ1
T1
+
µ2n2ψ2
T2
)
. (5.22)
Therefore, the change in entropy is intimately connected to the assumptions made on Q, ψ1
and ψ2.
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5.2 The Q interaction term and creation of particles: application for dark energy
- dark matter interaction
As an example of the role of the Q interaction term on some of the above equations, let
us investigate how it affects the time evolution of the number density of species L. For the
moment, we will assume that ρL + pL 6= 0. The vacuum case (ρL + pL = 0) will be dealed
with in the next section.
From equations (5.4) and (5.16), we get
n˙L + 3HnL = nL
1
ρL + pL
(QL − nLTLs˙L). (5.23)
The condition s˙L = 0 is usually referred to as the “adiabatic case” [35, 66]. If this
condition holds, then, from (5.16),
QL = (ρL + pL)ψL, (5.24)
so that, the presence of interaction (QL 6= 0) implies that particles of the species L must be
created (ψL 6= 0).
On the other hand, if particles of species L are not being created, although this species
is interacting with another one (QL 6= 0), then this process cannot be adiabatic (s˙L 6= 0).
Obviously, one may also have the general case s˙L 6= 0 and ψL 6= 0. These conclusions have
evident effects on the temperature law (5.19) and total entropy-production density (5.22).
If we restrict the analysis for the two fluids scenario, assuming s˙1 = 0 , p1 = ω1ρ1, and
with Q given by the BC ansatz, then equation (5.23) applied to fluid 1 leads to
n1(a) = n01
(a0
a
)3− α1
1+ω1 e
α2
1+ω1
F (a)
, (5.25)
where the function F (a) is given by
F (a) =
∫ a
a0
1
a′
ρ2(a
′)
ρ1(a′)
da′. (5.26)
These general equations can be easily written for the special cases α1 = 0 or α2 = 0
and be compared with the scenario where there is no particle creation of type 1, for which
n1(a) = n01
(a0
a
)3
. In particular, if α2 = 0, we see that n1 will decrease more slowly than in
this standard case if α1/(1 +ω1) > 0, that is, if α1 > 0 and ω1 > −1, or α1 < 0 and ω1 < −1
(ghosts).
The authors of reference [35] made an interesting study of the interaction between dark
energy (taken to be a time dependent cosmological term) and dark matter (represented by a
pressureless fluid). Their investigation covers two cases: one in which the dark matter particles
have constant mass but are continuously being created at the expenses of the vacuum energy
(so that, ψ1 6= 0), and the one in which ψ1 = 0, but the decay in the vacuum energy appears
as an increase in the masses of the dark matter particles. However, from the above analysis
we see that this second possibiliy (ψ1 6= 0) cannot occur under the “adiabatic” assumption
s˙1 = 0. The same type of reasoning can be applied if dark matter interacts with a dark energy
fluid with equation of state px = ωxρx, with ωx 6= −1.
Let us generalize and give a closer look at these scenarios. If dark energy (with a general
equation of state px = ωxρx, for any constant value of ωx = ω2) is exchanging energy with
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dark matter (whose particles have mass m1) with a dust like equation of state (p1 = 0) and
energy density given by
ρ1 = n1m1, (5.27)
then, if the dark matter particles are not being created (ψ1 = 0), their masses should be
changing, otherwise their energy densitiy would have the standard behaviour proportional to
a−3. However, this cannot happen adiabatically, that is, the specific entropy of dark matter
particles must change in time.
If we take in consideration that, for ψ1 = 0, n1(a) = n01A−3, and using (4.19), (4.21),
(4.22) with ω1 = 0, we find that the masses of the dark matter particles should evolve as
m1(A) = m01
1
3ω2Γ
[
Γ1
(
Γ2 − ε2 ρ02
ρ01
)
Aε1 + ε2
(
ε1 + Γ1
ρ02
ρ01
)
A−3ω2+ε2
]
. (5.28)
where, by equations (4.4), (4.14) and (4.17), with ω1 = 0, we have Γ = 3ω2 + ε1 − ε2,
Γ1 = 3ω2 + ε1 and Γ2 = 3ω2 − ε2.
The above equation generalizes equation 15 of reference [35], which can be recovered if
we take ε1 = ε, ε2 = 0, and a = A (a0 = 1). Furthermore, note that, under the assumption
of ε2 = 0, we recover equation 15 of [35] no matter the real value of ω2 is, that is, if no dark
matter particles are created, their mass will evolve with the scale factor in a manner that is
independent of the equation of state parameter ω2 (cosmological "constant" or a more general
dark fluid).
6 The interacting fluids description of vacuum decay models
6.1 The thermodynamics of vacuum decay revisited
We will now apply the formalism presented on the above sections to make a rather detailed
investigation of vacuum decay models, i. e., models with a time dependent cosmological
constant,
Λ = Λ(t). (6.1)
It is important to remark that we will not restrict ourselves to scenarios where the vac-
uum energy ρv = Λ8piG (see Equation (2.10)) decays into a pressureless fluid energy density
ρm, as it is done in models that aim to describe interactions with dark matter at the present
stage of the cosmological history. Rather, we will investigate the consequences of an interac-
tion between an arbitrary barotropic fluid with equation of state p1 = ω1ρ1 and a vacuum
“fluid” with equation of state p2 = −ρ2, that is, we take ω1 to be an arbitrary parameter and
ω2 = −1. In other words: index 1: arbitrary index; index 2 = v (for vacuum).
Moreover, instead of giving an a priori decay law for Λ(t), we will analyze what are the
consequences of assuming the BC ansatz for the interaction between the vacuum and the ar-
bitrary fluid with equation of state parameter ω1. Nevertheless, we do investigate how several
forms for Λ(t) proposed in the literature can be seen under the “Q interaction” approach. We
will show that most of them fall into the BC scheme with just one free parameter, α1 or α2
(or, equivalently, the GSS scheme with just one free parameter, ε1 or ε2).
We begin by noting that, as p2 + ρ2 (i. e., pv + ρv = 0), we get, from Equation (2.18),
Q = −ρ˙v. (6.2)
Therefore, the existence of a time varying Λ obviously implies Q 6= 0.
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We may also establish some conclusions directly from the thermodynamical analysis
developed in Section 5. From the Gibbs relation written in the form (5.16), we get, for the
vacuum (pv + ρv = 0),
nvTv s˙v = Qv ≡ Q2 = −Q. (6.3)
Consequently, if vacuum decays, that is, if there is interaction between the vaccum and the
arbitrary fluid 1 (Λ = Λ(t)), then, besides Q being a non-null quantity, the specific entropy
of the vacuum, sv, cannot be a constant, that is, the reasoning based on equations (2.10) and
(6.1) - (6.3) can be summarized as
Λ = Λ(t)⇒ ρ˙v 6= 0⇒ Q 6= 0⇒ s˙v 6= 0. (6.4)
This contradicts the hypothesis made on references [35, 66], where both the entropy and
the chemical potential of the vacuum component are assumed to be identically zero. The
argument stated in reference [35] is that the vacuum medium plays the role of a condensate
carrying no entropy, as it happens in the in the context of superfluid thermodynamics. The
above analysis shows that this cannot be so.
Note that, from Equation (5.14), we get, for the vacuum fluid,
sv = −µv
Tv
, (6.5)
so that the assumption of a null chemical potential for the decaying vacuum cannot hold
either. It is worth mentioning also, that, in the above reference, only a decay to pressureless
matter, or to radiation, is considered.
We realize that the Q factor approach sheds some light into the thermodynamics of vac-
uum decay that has not been taken into account properly in the above mentioned references.
This has also important effects on the thermodynamics of the arbitrary fluid 1 interacting
with the vacuum fluid, as we will show below.
From Equation (5.17) with p2 + ρ2 = pv + ρv = 0 and p1 = ω1ρ1, we get
n1T1s˙1 + (1 + ω1)ρ1ψ1 = −nvTv s˙v 6= 0. (6.6)
If particles of the fluid 1 are created adiabatically (s˙1 = 0), equation (6.6) shows that
the change in the vacuum specific entropy depends directly on the rate of creation, ψ1, of
these particles.
6.2 The BC/GSS ansatzes and their relation to different vacuum decay models
Several proposals for the vacuum decay law have appeared in the literature, some being of
a phenomenological character, some with physical motivations (see, for example, [68]). We
shall analyze below some of these proposals and show how they are related to the equivalent
ansatzes for the Q factor discussed in this paper. From this analysis, it will turn out that
some of these proposals are, in fact, dynamically equivalent. However, it should be noticed
that we will not be concerned in investigating the likelihood of these proposals. Rather, we
will restrict ourselves to investigate them in relation to the two fluids interaction scenario
described here.
The general approach outlined below can be applied, with minor modifications, for decay
schemes not dealt with in this paper. The following decay laws will be investigated (where
λ, λ1 and λ2 are proportionality constants, β(t) is an arbitrary function of time, R is the
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Ricci scalar for the Friedmann-Robertson-Walker (FRW) model, z is the redshift parameter,
m is a real number, and Λ˜0 is a constant):
1) Λ(t) = λ(a/a0)−m;
2) Λ(t) = λH2;
3) Λ(t) = Λ˜0 + λH2;
4) Λ(t) = λH;
5) Λ(t) = Λ˜0 + λ1H + λ2H2;
6) Λ(t) = λR;
7) Λ(t) = λ a¨a ;
8) Λ(t) = λρ1;
9) dΛ(t)dz = λ
dH2
dz ;
10) dΛ(t)da = λ
dR
da ;
11) Λ(t) = Λ˜0 + 3β(t);
12) Λ(t) = λ1(a/a0)−m + λ2H2.
We see that most of the above schemes amount to give an a priori dependence of Λ
on the scale factor a, or on the Hubble parameter H. That is, one begins by suggesting a
particular form for the functions Λ(a) or Λ(H). The Wang and Meng parameterization of the
original Shapiro and Solà ansatz follows a different track: it begins by admitting a certain
effect of the vacuum decay on the cosmological evolution of the energy density of the other
fluid present. Once we have shown the equivalence of our generalization of the Shapiro and
Solà ansatz (GSS) with the Barrow and Clifton scheme (BC), we may conclude that this
approach amounts to establish an a priori form for the Q interaction factor.
Before considering some of the above different decay models, let us then examine what
general conclusions for the time dependence of Λ are implied by taking the BC (or the GSS)
ansatz. Equation (4.20), evaluated for the case ω2 = −1, gives immediately how the vacuum
energy density (and therefore the cosmological constant) varies with the scale factor. For the
moment, let us examine how this expression simplifies for the particular cases ε1 = 0 (α1 = 0
and α2 = −ε2), or ε2 = 0 (α2 = 0 and α1 = ε1).
For ω2 = −1, ε1 = 0, and with the help of equations (2.5), (2.10), (4.4), (4.14), (4.17),
(4.21), and (4.22), we get,
Λ(t) = Λ0
(
a
a0
)−α2
(for α1 = ε1 = 0, α2 = −ε2). (6.7)
Note that the time dependence of Λ is still affected by the type of fluid into which it decays,
due to the fact that the form of scale factor a(t) depends on the equation of state parameter
ω1.
Similarily, for ω2 = −1, ε2 = 0, we derive
Λ(t) = Λ0 +
α1
−3(1 + ω1) + α1 8piGρ01
[
1−
(
a
a0
)−3(1+ω1)+α1]
(for α2 = −ε2 = 0, α1 = ε1).
(6.8)
It is interesting to investigate how the BC ansatz constraints the dependence of the cosmo-
logical constant with the Hubble parameter H. From equations (3.4) and (6.2), and writing
dΛ
dt =
dΛ
dH
dH
dt , we find that, in order for the BC ansatz to be valid, the cosmological constant
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must obey the non-linear equation
(3H2 − Λ) dΛ
dH
+
2(α1 − α2)
1 + ω1
HΛ =
6α1
1 + ω1
H3. (6.9)
Having established these general results (some more will be derived at the end of this
subsection), we may turn to the detailed analysis of the several decay models listed above.
1) The decay law
Λ(t) = λ
(
a
a0
)−m
(6.10)
was introduced by Gasperini [98] by employing the thermal interpretation for the cosmological
constant and later investigated in [67, 99, 100]. Note that it may be seen as a particular case
of ansatz (2.12).
From (6.7), and through the identifications m → α2 = −ε2, λ → Λ0, we see that this
vacuum decay law is equivalent to assume that the interaction between the cosmological term
and the fluid 1 depends only on the vacuum energy density ρv but not on the energy density
ρ1. In other words, it is equivalent to assume the particular form of the BC ansatz given by
(3.2): Q = α2Hρ2 = α2Hρv.
2), 3), 4) and 5) It is clear that, under a strictly mathematical point of view, the case 2,
Λ(t) = λH2, (6.11)
the case 3,
Λ(t) = Λ˜0 + λH
2, (6.12)
and the case 4,
Λ(t) = λH, (6.13)
can all be regarded as particular cases of the proposal 5,
Λ(t) = Λ˜0 + λ1H + λ2H
2. (6.14)
The decay law (6.11) was first proposed, based on dimensional arguments, in [64] and further
analyzed in [65, 101, 102]. Its relation with holographic models have been studied in [103].
The form (6.12) was proposed based on studies related to the renormalization group ap-
proach [104], whereas (6.13) is obtained from the trace anomaly of quantum chromodynamics
[105]. The more general ansatz (6.14) was proposed by Costa and Makler in [36], who showed
that it is equivalent to have a universe with no cosmic term, but filled with an imperfect fluid
with a viscous pressure of a certain type.
If we substitute (6.14) into (2.10), using (2.7) (with ρ = ρ1 +ρv and ρk = 0), differentiate
the result and make use of (2.8), (2.11), (2.14), (2.17) and (2.18) we finally get
Q =
λ1
2
(1 + ω1)ρ1 + λ2(1 + ω1)Hρ1. (6.15)
Therefore, for λ1 6= 0, the decay law (6.14), is not compatible with the BC and GSS ansatzes.
Consequently, the same can be said about (6.13). However, for λ1 = 0, the interaction factor
is of the form given by (3.1) (Q = α1Hρ1, α2 = 0), with α1 = λ2(1 + ω1).
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Note that, in this latter case, the decay laws (6.11) and (6.12), although appear to be
physically different, correspond to the same type of interaction with the fluid 1. This in turn
will lead to the same form of time evolution for the scale factor, as it will be shown in the next
subsection. Wang and Meng [34] have argued that the vacuum decay rate actually cannot be
directly observed and it is the modification on the expansion rate, due to this decay, that can
be detected.
6) The case
Λ(t) = λR = −6λ
(
a¨
a
+H2 +
k
a2
)
(6.16)
was proposed by Al-Rawaf and Taha [106] as an attempt to solve the entropy problem. The
use of the above equation, together with equations (2.7), (2.8), (2.10), (2.14), and (2.17) leads
to
Q =
3(1 + ω1)(3ω1 − 1)λ
1 + 3(1 + ω1)λ
Hρ1. (6.17)
Hence, this corresponds to the interaction factor of the form given by (3.1) (Q = α1Hρ1,
α2 = 0), with α1 =
3(1+ω1)(3ω1−1)λ
1+3(1+ω1)λ
.
It is worth mentioning that, from the details of the derivation of equation (6.17), it
is found that for λ 6= 1/4 and ω1 = 1/3, the vacuum energy density would be identically
zero. On the other hand, λ = 1/4 and ω1 = 1/3 implies α1 = 0 and no decay would be
possible. That is, for λ = 1/4, the vacuum could not decay into radiation. Moreover, for
λ = −1/3(1 + ω1), the energy density ρ1 would be identically null.
7) The possibility
Λ(t) = λ
a¨
a
(6.18)
was proposed by Arbab [107]. From (2.8), (2.14), (2.17), (5.24), and (6.18) we find
Q =
(1 + ω1)(1 + 3ω1)λ
λ(1 + ω1)− 2 Hρ1. (6.19)
The interaction is once more of the form (3.1) (Q = α1Hρ1, α2 = 0), with α1 =
(1+ω1)(1+3ω1)λ
λ(1+ω1)−2 .
If ω1 = −1/3, then Q = 0, so that the ansatz (6.18) does not allow the vacuum to decay
to a fluid with this type of equation of state. If λ = 2/(1+ω1) and ω1 6= −1/3, we get ρ1 = 0.
8) The law
Λ(t) = λρ1 (6.20)
was proposed by Vishwakarma [108] on dimensional grounds.
The analysis proceeds in a similar way, by using (2.13), (5.24) and (6.20). We get
Q =
3(1 + ω1)λ
λ+ 8piG
Hρ1. (6.21)
The interaction is again of the type (3.1) (Q = α1Hρ1, α2 = 0), with α1 =
3(1+ω1)λ
λ+8piG . For
λ = −8piG, ρ1 = 0.
The dynamical equivalence of the proposals (2.2), (2.7) and (2.8) has already been
demonstrated in [109].
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9) Shapiro and Solà [31, 110] have proposed the relation
dΛ(t)
dz
= λ
dH2
dz
(6.22)
using a renormalization group argument (see also [104]).
It is straightforward to see that (6.22) is equivalent to have Λ(t) = Λ0 + λ(H2 − H20 )
which is just case (2.3).
10) In [34], Wang and Meng have also made the proposal
dΛ(t)
da
= λ
dR
da
. (6.23)
By using the above expression and with the help of (2.7), (2.8), (2.14), and (6.16), we find
Q =
3(3ω1 − 1)(1 + ω1)λ
[1 + 3(1 + ω1)λ](1 + 4λ)
Hρ1, (6.24)
and hence we have Q given by (3.1) (Q = α1Hρ1, α2 = 0), with α1 = ε1 =
3(3ω1−1)(1+ω1)λ
[1+3(1+ω1)λ](1+4λ)
.
Note that, under this law, the vacuum cannot decay into radiation. Moreover, for λ =
−1/3(1 + ω1), and ω1 6= 1/3, we have ρ1 = 0. For λ = −1/4, ρ1 = constant.
11) The decay law,
Λ(t) = Λ˜0 + 3β(t)H
2 (6.25)
generalizes, in a certain sense, the ansatz (2.3). It was studied in [29–31, 111] and was used
by Lima, Basilakos and Solà [71], aiming to provide a complete cosmological scenario that
would encompass an early inflationary phase, a graceful exit mechanism, a mild dark energy
at present with an accelerated expansion and a final de Sitter stage. (See the above reference
for details.)
In fact, the authors of reference [71] have focused on a particular form for the function
β(t), namely (in our notation)
β(t) = β1 + β2
(
H
HI
)n
, (6.26)
where β1 and β2 are arbitrary constants, n = 1, 2, 3, ... and HI is interpreted as the
inflationary expansion rate. With this choice for β(t), the cosmological parameter becomes
Λ(t) = Λ˜0 + 3β1H
2 + 3β2
(
H
HI
)n
H2, (6.27)
which we shall call the case 11a.
The term 3β2
(
H
HI
)n
H2 has a greater importance in the early universe, near the HI
scale. At very low energies (H  HI), however, the constant term Λ˜0 is the dominant
contribution, whereas the term 3β1H2 is a small correction (if β1  1) to this dominant term
today.
In a way similar to what has been done in the earlier cases, if we use (2.8), (2.10), (2.11),
(2.14), (5.24) and (6.27), we get
Q =
[
3β1(1 + ω1) +
3β2(n+ 2)(1 + ω1)
2
(
H
HI
)n]
Hρ1. (6.28)
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Therefore, the ansatz 11a, given by (6.27) is not consistent with the BC and GSS ansatzes.
Nevertheless, at very low energies, say at present time, it may turn out that the interaction
term given by (6.28) may be approximated by
Q ≈ 3β1(1 + ω1)Hρ1, (6.29)
which is, yet once more, the Q given by (3.1) (Q = α1Hρ1, α2 = 0), with α1 = 3β1(1 + ω1).
(As it should be expected, since this is equivalent to the previously analyzed ansatz (6.12).)
It should be further noted that, for an arbitrary function β(t) (not restricted to the form
(6.26)), an analogous treatment leads to
Q = α1(t)Hρ1 + α2(t)Hρv, (6.30)
with ρv defined by (2.10) and (6.25) and
α1(t) = 3(1 + ω1)β(t)− β˙(t)
H(t)
(6.31)
and
α2(t) = − β˙(t)
H(t)
. (6.32)
Equation (6.30) is obviously a generalization of the BC ansatz (3.4) (as long as the component
2 is the vacuum), with time dependent coefficients α1 and α2.
12) The last decay law to be analyzed here,
Λ(t) = λ1
(
a
a0
)−m
+ λ2H
2 (6.33)
was proposed by Salim and Waga in [65], where a thermodynamical analysis of the model has
been performed, although using an approach different from the one developed by Zimdahl
[90]. In fact, the above authors have not taken into consideration the transfer of energy
between the vacuum and the second fluid, as long as the properties of this second fluid do
not appear in their analysis. Moreover, the thermodynamical equations used do not contain
any quantity related to the vacuum itself.
To investigate the relation of (6.33) to the interaction approach used in this article, let
us first remark that our generalization of the Shapiro and Solà approach (equivalent to have
the full BC ansatz), leads to a general form for the cosmological parameter as function of a:
Λ(a). We write it explicitly from equation (4.20), evaluated for the case ω2 = −1, and taking
into account (2.7), (2.10), (4.4), (4.14), (4.17), (4.21), and (4.22):
Λ(a) =
1
Γ(v)
[
ε1e02
(
a
a0
)−3(1+ω1)+ε1
− Γ(v)2 e01
(
a
a0
)ε2]
, (6.34)
with
Γ(v) = −3(1 + ω1) + ε1 − ε2, (6.35)
Γ
(v)
2 = −3(1 + ω1)− ε2, (6.36)
e01 =
ε1
1 + ω1
H20 − Λ0 (6.37)
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and
e02 =
Γ
(v)
2
1 + ω1
H20 + Λ0. (6.38)
Nevertheless, there is still another form of expressing (6.34). One of the powers of (a/a0) can
be eliminated with the use of (2.7), (2.10), (4.20), and (4.23). We choose to eliminate the
term
(
a
a0
)−3(1+ω1)+ε1
to get
Λ(a,H) =
ε1
1 + ω1
H2 +
(
Λ0 − ε1
1 + ω1
H20
)(
a
a0
)ε2
, (6.39)
which is exactly the Salim and Waga decay law if we identify λ1 = Λ0 − ε11+ω1H20 , λ2 = ε11+ω1 ,
andm = −ε2. We see that it is the presence of the second exponent ε2 (i. e., our generalization
of the SS ansatz) that makes Λ deviates from the proposal given by equation (6.12).
It is essential to emphasize that, contrary to what is done in [65], the Q factor approach
that we have been using allows us to make explicit the physical meaning of the constants λ1,
λ2, and m. By equations (4.30) and (4.31), ε1 and ε2 are related to α1 and α2 as:
α1 =
(
1 + ω − m
3
)
, (6.40)
α2 =
(
1− λ2
3
)
. (6.41)
From the above study, we see that several - but not all - of the most popular vacuum
decay laws proposed in the literature are, in fact, equivalent to have particular cases of the
BC ansatz for the Q interaction factor. Only the Salim and Waga proposal, given by (6.33),
is compatible with the full form of the BC ansatz (our GSS ansatz). Table 2 is a resume of
these results. (Some recent analysis on the subject of vacuum decay can be found in [112] -
[114].)
6.3 Exact solution for the scale factor
An exact solution for the scale factor can be derived from equations (2.7) (with ρk = 0) and
(4.23) (with ω2 = −1) if we use a new time coordinate τ defined by the relation
dt = Aqdτ, (6.42)
where
q =
−3(1 + ω1) + ε1 − 2ε2
2
. (6.43)
The Friedmann equation to be integrated simplifies if we define the auxiliary quantity
B = A−Γ ≥ 0. (6.44)
With these definitions, equation (2.7) becomes(
dB
dτ
)2
= CΓ(E01B + E02) ≥ 0. (6.45)
If, for simplicity, we further define
x = τ − τ0, (6.46)
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Vacuum decay law Q interaction term Details Type
Λ(t) = λ
(
a
a0
)−m
Q = α2Hρ2 = α2Hρv α2 = m, λ = Λ0 Particular BC
Λ(t) = λH2 Q = α1Hρ1 α1 = λ(1 + ω1) Particular BC (SS)
Λ(t) = Λ˜0 + λH
2 Q = α1Hρ1 α1 = λ(1 + ω1) Particular BC (SS)
Λ(t) = λH Q = α∗ρ1 α∗ =
(
λ
2
)
(1 + ω1) Not BC
Λ(t) = Λ˜0 + λ1H + λ2H
2 Q = α∗ρ1 + α1Hρ1
α∗ =
(
λ1
2
)
(1 + ω1)
α1 = λ2(1 + ω1)
Not BC
Λ(t) = λR Q = α1Hρ1 α1 =
3(1+ω1)(3ω1−1)λ
1+3(1+ω1)λ
Particular BC (SS)
Λ(t) = λ a¨a Q = α1Hρ1 α1 =
(1+ω1)(1+3ω1)λ
λ(1+ω1)−2 Particular BC (SS)
Λ(t) = λρ1 Q = α1Hρ1 α1 =
3(1+ω1)λ
λ+8piG Particular BC (SS)
dΛ
dz = λ
dH2
dz Q = α1Hρ1 α1 = λ(1 + ω1) Particular BC (SS)
dΛ(t)
da = λ
dR
da Q = α1Hρ1 α1 =
3(3ω1−1)(1+ω1)λ
[1+3(1+ω1)λ](1+4λ)
Particular BC (SS)
Λ(t) = Λ˜0 + 3β1H
2
+3β2
(
H
HI
)n
H2
Q = α1Hρ1 + αnH
n+1ρ1
α1 = 3β1(1 + ω1)
αn =
3β2(n+2)(1+ω1)
2HnI
Not BC
Λ(t) = Λ˜0 + 3β(t)H
2 Q = α1(t)Hρ1 + α2(t)Hρv
α1(t) = 3(1 + ω1)β(t)− β˙(t)H(t)
α2(t) = − β˙(t)H(t)
Time-dependent BC
Λ(t) = λ1
(
a
a0
)−m
+ λ2H
2 Q = H(α1ρ1 + α2ρv)
α1 = λ2
(
1 + ω − m3
)
,
α2 = m
(
1− λ23
)
.
Full BC (GSS)
Table 2. Some vacuum decay laws and the corresponding Q interaction term.
(note that, as τ0 = τ(t0), x(t0) = 0), the solution of (6.45) is the quadratic function [115]
B(x) = λ0x
2 + b0x+ 1 ≥ 0, (6.47)
with
λ0 =
CΓE01
4
, (6.48)
b0 = s0
√
CΓ(E01 + E02) = s0
√
CΓ2(ρ01 + ρ02) = s0|ΓH0|, (6.49)
and
s0 =

+1 if
dB
dτ
> 0,
−1 if dB
dτ
< 0.
(6.50)
Taking into account (6.47) and (6.42), it is easily seen that if dB/dτ > 0, then dA/dt > 0
for Γ < 0 and dA/dt < 0 for Γ > 0. Analogously, if dB/dτ < 0, then dA/dt < 0 for Γ < 0
and dA/dt > 0 for Γ > 0. Therefore, in terms of the scale factor A, equation (6.50) can be
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rewritten as
s0 =

+1 if
dA
dt
> 0, for Γ < 0 or if
dA
dt
< 0, for Γ > 0,
−1 if dA
dt
< 0, for Γ < 0 or if
dA
dt
> 0, for Γ > 0.
(6.51)
The behavior of the scale factor must indeed be studied separately for the cases Γ > 0 and
Γ < 0. This is easily seen if we write (6.44) as
A(x) =
1
B
1
|Γ|
=
1
(λ0x2 + b0x+ 1)
1
Γ
, if Γ > 0, (6.52)
and
A(x) = B
1
|Γ| = (λ0x
2 + b0x+ 1)
1
Γ , if Γ < 0, (6.53)
Hence, for Γ > 0, A → 0 as B → ∞ and A → ∞ as B → 0. On the other hand, for Γ < 0,
A→ 0 as B → 0 and A→∞ as B →∞.
In both cases, the cosmic expansion will depend on the behavior of the quadratic function
(6.47), which, in turn, is affected by the signals of the parameters, Γ, λ0, b0, E01, E02 and
some of their products. Also, some constraints must be considered on the values of the time
variable x in order to have physical solutions, as we are obviously restricted to consider real
and positive scale factors A (see the inequalities expressed in (6.44) and (6.47)). Moreover,
one does not find any solution where an expanding phase turns to a contracting one, or
vice-versa, so that it is only necessary to investigate the cases for which dA/dt > 0. (For
oscillatory models driven by interacting cosmic fluids in non-spatially flat universes, see [60].)
Depending on the signs of the parameters Γ, λ0, b0, E01, and E02, one finds singular
and non-singular models, as well as scenarios with and without an early or late phase of
accelerated expansion. It is important to realize that, due to the interaction, these different
features do not depend solely on the equation of state parameters ω1 and ω2 (this happens also
if ω2 6= −1), but also on the quantities ε1, ε2, ρ01, and ρ02. However, even more important is
the fact that these features are actually dependent on the signs of the combinations of ω1, ω2,
ε1, ε2, ρ01, and ρ02, expressed by the quantities Γ, λ0, b0, E01, and E02. As a consequence,
transitions from a non-accelerated era to a phase of accelerated expansion (and vice-versa)
may occur even if the interacting fluids are not “exotic”.
The transition times from a decelerated to an accelerated era (or vice-versa) can also
be analytically determined. The relations between the t and x derivatives of A can be ob-
tained with the help of equations (6.42), (6.43) and (6.46). For example, a lengthy, but
straightforward calculation, leads to
d2A
dt2
= − 1
Γ2
A2Γ+1−2qX, (6.54)
where
X = −2(2 + ε2)λ20x2 − 2(2 + ε2)λ0b0x+
[
2Γλ0 + b
2
0
(3ω1 − ε1 + 1)
2
]
. (6.55)
Hence, the signal of A¨ depends on the behaviour of the above quadratic polynomial.
There are too many different physical cases to be considered and we shall postpone
this analysis to a forthcoming publication [95], where we shall investigate the details of the
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cosmic dynamics for models involving the interaction of fluids with arbitrary equation of state
parameters ω1 and ω2 (not only ω2 = −1). It is worth emphasizing once more that accelerated
expansions can occur without the need of “exotic” fluids, since the interaction modifies the
dynamics. This modification is related to 6 different parameters - ω1, ω2, ε1, ε2, ρ01, and ρ02
- that appear only on combinations in the quantities Γ, λ0, b0, E01, and E02. As we do not
expect that our equations may provide a complete cosmological history, the resulting models
can be used to describe possible early universe scenarios, as well as scenarios related to a late
transition to an accelerated expansion.
Note that, from the inequality in (6.45), we must have:
B(x) ≥ −E02
E01
, for Γ > 0 and E01 > 0, (6.56)
B(x) ≤ −E02
E01
, for Γ > 0 and E01 < 0, (6.57)
B(x) ≤ −E02
E01
, for Γ < 0 and E01 > 0, (6.58)
B(x) ≥ −E02
E01
, for Γ < 0 and E01 < 0. (6.59)
On the other hand, the roots of the polynomial (6.47) are
x− = − b0
2λ0
−
√
CΓE02
2λ0
(6.60)
and
x+ = − b0
2λ0
+
√
CΓE02
2λ0
(6.61)
There will be, therefore, two real roots if ΓE02 > 0, one real root if ΓE02 = 0 and no real
roots if ΓE02 < 0. The sign of λ0 determines whether x− < x+ or x+ < x−.
For the moment, let us exemplify with two particular cases where vacuum decay (ω2 =
−1) can lead to universes with interesting features.
Example 1:
If Γ > 0, E01 < 0, E02 > 0, k0 = −3ω1 + ε1 − 1 < 0, and ε2 < −2, the Universe is
non-singular, starting at x = xi = −b0/2λ0 with the minimum size (due to (6.52) and (6.57))
given by
Amin =
1
(−E02/E01)1/|Γ|
. (6.62)
It expands in an accelerated form from the very beginning, but at
x ≡ x2 = − b02λ0 − 2(2+ε2)|E01|
√
−(2+ε2)E02
C , this inflationary expansion turns naturally to a
non-accelerated era (due to (6.54) and (6.55)). Consequently, this set of conditions may be
suitable to describe the very early universe. (If the model were to be extrapolated to later
times, we would have A→∞ as B → 0 at x = x− , since, in this case, x− > x+).
Figure 1 below shows a schematic diagram (on the temporal x-axis) of the cosmic history
in this case (not on scale). Note that the particular time t0 corresponds to x = 0. We have
set xi ≡ − b02λ0 and x1 ≡ − b02λ0 + 2(2+ε2)|E01|
√
−(2+ε2)E02
C .
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Figure 1. Schematic diagram of the cosmic history under the conditions of the Example 1.
Example 2:
The case Γ > 0, E01 > 0, E02 > 0, k0 = −3ω1 + ε1− 1 > 0, and ε2 < −2 corresponds to
a universe that starts at x → −∞, where A → 0. The expansion proceeds with A¨ < 0 until
the time x = x1 ≡ − b02λ0 + 2(2+ε2)|E01|
√
−(2+ε2)E02
C . As the previous case, A→∞ as B → 0 at
x = x−. A late transition to an accelerated epoch due to the interaction between dark energy
(a time dependent Λ) and dark matter (ω1 = 0, ε1 > 1) could, in principle, be described by
this model.
Figure 2 shows the corresponding diagram on the temporal x-axis.
x1 x -b /2i 0= l0x0 x2x+
x= t-t
0
Transition
Decelerated - accelerated
Remote
Future
(A )®¥
A>0
..
A<0
..
G , , , e>0  E  >0  E  >0  k >0, <-2, |x |>|x |
01 02 0 2 I d
x
-
Remote
Past
(A®0)
t
0
Figure 2. Schematic diagram of the cosmic history under the conditions of the Example 2.
It is interesting to remark that our GSS ansatz (ε1 6= 0 and ε2 6= 0) (BC ansatz with
α1 6= 0 and α2 6= 0) allows the possibility to have vacuum decay even if, at the particular time
t0, the energy density of the second component vanishes (ρ01 = 0). From equation (4.22),
we see that, if ε2 = 0 and ρ01 = 0, then E02 = 0, and, from (4.19), the energy density ρ1(a)
would vanish identically. In other words, under these conditions, the vacuum could no decay
to the fluid characterized by ω1. This is not so for ε2 6= 0, since, in this case, equations (4.19)
and (4.20), with ρ01 = 0 (and ω2 = −1), become, respectively,
ρ1(A) =
ε2[−3(1 + ω1) + ε1]ρ0v
3(1 + ω1)[−3(1 + ω1) + ε1 − ε2] [A
−3(1+ω1)+ε1 −Aε2 ], (6.63)
and
ρv(A) =
ρ0v
3(1 + ω1)[−3(1 + ω1) + ε1 − ε2]{−ε1ε2A
−3(1+ω1)+ε1
+[3(1 + ω1) + ε2][−3(1 + ω1) + ε1]Aε2}, (6.64)
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Hence, the GSS ansatz (or, equivalently, the complete form of the BC scheme) describes a
situation where vacuum can decay to a certain barotropic fluid even if there is no such a
fluid at any particular time t0. If t0 is the instant at which all other possible components
become dynamically irrelevant, so that the vacuum energy dominates, the vacuum may still
decay for a non-previously existing fluid 1, due to some inherent instability. The original SS
ansatz (ε2 = 0) and the incomplete form of the BC scheme with α2 = 0 do not allow for this
possibility.
7 Final remarks
In recent years, cosmological models based on the interaction between dark matter and dark
energy have been frequently studied in the literature. However, the interaction between
fluids may appear in several different scenarios in Cosmology, as pointed out in [27]. In the
absence of a known microscopic interaction mechanism, these investigations are usually made
assuming certain phenomenological ansatzes. In the two fluids scenario, the more popular
ansatz is the one that assumes that the quantity describing the interaction - the Q factor -
is proportional to the Hubble parameter H multiplied by the energy density of one of the
components (equations (3.1) or (3.2)). A much more general scheme was proposed by Barrow
and Clifton in [27], where Q is supposed to be proportional to H and to a linear combination
of the two energy densities (equation (3.4)). This extension seems to be more physical, since
the interaction is assumed to depend on the characteristics of both fluids. Moreover, it deals
only with dimensionless parameters α1 and α2. Another ansatz that has received attention
is the one initially proposed by Shapiro, Solà, España-Bonet, and Ruiz-Lapuente in [29] (and
further developed by Wang and Meng in [34]) in connection with vacuum decay scenarios and
later extended to other types of fluids by several authors (the SS anstaz). This later ansatz
depends on a single parameter ε that describes the modification on the exponent of the scale
factor that appears on the functional form of one of the energy densities (say ρ1) due to the
interaction. These two popular ansatzes appear to be unrelated since the Barrow and Clifton
(BC) ansatz (and its particular forms with just one parameter) deals directly with the Q
factor describing the interaction on the continuity equation for the energy densities, whereas
the SS scheme begins by assuming how the interaction modifies the dependence of one of the
energy densities with the scale factor a. Furthermore, the general form of BC ansatz depends
on two parameters and the SS on just one.
In the present paper, we have provided a comprehensive analysis showing that the SS
proposal can be generalized to a two parameter ansatz (GSS) with parameters (ε1, ε2) and
that, in this extended form, it is fully equivalent to the BC scheme. We have explicitly derived
how this generalization can be achieved and have obtained the relation between the pairs of
parameters (α1, α2) and (ε1, ε2). We have reviewed the thermodynamical analysis for a two
fluids scenario given by Zimdahl in [90] in order to emphasize how the assumed form for the
Q interaction term affects the thermodynamical quantities involved in the description. Our
equations are not restricted to scenarios motivated by the interaction between dark energy
and pressureless dark matter. They can be used to investigate the interaction of any two
fluids with equations of sate of the type pi = ωiρi, with constant ωi (i = 1, 2).
We have further applied this general formalism to investigate vacuum decay models
both thermodynamically and dynamically. We have shown that, in models with a time
dependent Λ, the vacuum specific entropy cannot remain constant and that the vacuum
chemical potential cannot be zero. Several vacuum decay laws found in the literature were
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then analyzed from the viewpoint of an interaction process. This has the advantage of making
explicit the dependence of the decay law with the equation of state parameter ω1. In fact, we
have shown that, for some of the proposals found in the literature, there are restrictions on
the type of fluid into which the vacuum is allowed to decay. It was also found that most of
these proposals, but not all, do correspond to assume particular forms of the BC ansatz for
the Q interaction factor. Just one of them, the proposal made by Salim and Waga in [65],
(where Λ = Λ(a,H)) is compatible with the full form of the BC ansatz, or, equivalently, with
the generalization of the SS scheme derived in this paper (the GSS ansatz).
We have been able to find an exact solution for the scale factor for vacuum decay models,
assuming this Generalized Shapiro and Solà ansatz. The specific form of this solution depends
on the five parameters ω1, ε1, ε2, ρ01, and ρ0v. Two examples were provided. The first one
describes a non-singular universe that begins its expansion inflating and that makes a graceful
exit to a non-accelerated epoch. The second one is suitable to describe a universe that makes
a late transition from a non-accelerated to an accelerated phase. In all cases, the presence
of the additional parameter ε2, makes it possible to have scenarios where there is no fluid 1
at the particular time t0. This particular instant can be the initial time for the applicability
of the “vacuum + fluid 1” description. For ε2 = 0 (the original SS proposal), this cannot be
so. In other words, this more general ansatz allows the creation of any fluid (with equation
of state parameter ω1) from the vacuum energy, even for a zero initial state.
The solution mentioned above can be extended to include the interaction between any
two fluids with parameters ω1 and ω2. Moreover, several cosmological tests can be performed
in order to constraint the free parameters of the model. Many such constraints have already
been obtained in the literature, but on the context of the original single parameter ansatz.
The presence of the second parameter ε2 requires a whole new analysis of these constraints,
especially at the perturbation level. This can be especially relevant for investigating interac-
tions between dark matter (with equation of state pm = 0) and dark energy (with equation
of state px = ωxρx). A further extension can possibly be made in order to deal with time
dependent parameters ε1(a) and ε2(a). This has been done in [14], but only for the restricted
one-parameter case. These questions will be tackled in a future paper [95].
Perhaps the more interesting aspect of cosmological models with interaction among the
fluids that drive the expansion is the possibility of having atypical dynamics, even with fluids
with conventional equations of state.
Acknowledgments
The authors are grateful to J. Solá for having provided essential information on the first works
about the scheme of energy transfer from the vacuum studied in this paper and also to L.
P. Chimento for the remarks about the relation among non-linear interaction mechanisms
and the modified Chaplygin gas model. H. S. G. thanks CAPES-Brazil for financial support.
M. R. G. M acknowledges the warm reception of the Federal University of Southern Bahia
(UFSB).
References
[1] L. Amendola, Coupled Quintessence, (2000) Phys. Rev. D 62 (2000) 043511
[arXiv:astro-ph/9908023].
[2] W. Zimdahl, D. Pavón, and L. P. Chimento, Interacting Quintessence, Phys. Lett. B 521
(2001) 133 [arXiv:astro-ph/0105479].
– 29 –
[3] G. Mangano, G. Miele, and V. Pettorino, Coupled quintessence and the coincidence problem,
Mod. Phys. Lett A 18 (2003) 831 [arXiv:astro-ph/0212518].
[4] W. Zimdahl, Interacting Dark Energy and Cosmological Equations of State, Int. J. Mod.
Phys. D, 14 (2005) 2319 [arXiv:gr-qc/0505056].
[5] X. Zhang, Coupled Quintessence in a Power-Law Case and the Cosmic Coincidence Problem,
Mod. Phys. Lett. A 20 (2005) 2575 [arXiv:astro-ph/0503072].
[6] X. Zhang, Statefinder diagnostic for coupled quintessence, Phys. Lett B 611 (2005) 1
[arXiv:astro-ph/0503075].
[7] S. Das, P. S. Corasaniti, and J. Khoury, Super-acceleration as Signature of Dark Sector
Interaction, [arXiv:astro-ph/0510628].
[8] S. Lee, G. Liu, and K. Ng, Constraints on the coupled quintessence from cosmic microwave
background anisotropy and matter power spectrum, Phys. Rev. D 73 (2006) 083516
[arXiv:astro-ph/0601333].
[9] J. F. Jesus, R. C. Santos, J. S. Alcaniz, and J. A. S. Lima, New coupled quintessence
cosmology, Phys. Rev. D 78 (2008) 063514 [arXiv:astro-ph/08061366].
[10] F. E. M. Costa, E. M. Barboza Jr., and J. S. Alcaniz, Cosmology with interaction in the dark
sector, Phys. Rev. D 79 (2009) 127302 [arXiv:astro-ph/09050672].
[11] S. H. Pereira and J. F. Jesus, Can Dark Matter Decay in Dark Energy?, Phys. Rev. D 79
(2009) 043517 [arXiv:astro-ph/08110099].
[12] S. del Campo, R. Herrera, and D. Pavón, Interacting models may be key to solve the cosmic
coincidence problem, J. Cosmol. Astropart. Phys. 01 (2009) 020 [arXiv:gr-qc/08122210].
[13] M. Jamil and E. N. Saridakis, New agegraphic dark energy in Hořava-Lifshitz cosmology, J.
Cosmol. Astropart. Phys. 07 (2010) 028 [arXiv:hep-th/10035637].
[14] F. E. M. Costa and J. S. Alcaniz, Cosmological consequences of a possible Λ-dark matter
interaction, Phys. Rev. D 81 (2010) 043506 [arXiv:astro-ph/09084251].
[15] L. P. Chimento, Exactly solved models of interacting dark matter and dark energy,
[arXiv:gr-qc/12045797].
[16] W. Zimdahl, C. Z. Vargas, and W. S. Hipólito-Ricaldi, Interacting dark energy and transient
accelerated expansion, [arXiv:astro-ph/13021347].
[17] C. Geng, L. Tsai, and X. Zhang, Dark radiation from a unified dark fluid model,
[arXiv:astro-ph/13061910].
[18] J. Sadeghi, M. Khurshudyan, M. Hakobyan, and H. Farahani, Hubble parameter corrected
interactions in cosmology, Advances in High Energy Physics 2014 (2014) 129085.
[19] P. C. Ferreira, J. C. Carvalho, and J. S. Alcaniz, Probing interaction in the dark sector, Phys.
Rev. D 87 (2013) 087301; P. C. Ferreira, D. Pavón, and J. C. Carvalho, On detecting
interaction in the dark sector with H(z) data, Phys. Rev. D 88 (2013) 083503; P. C. Ferreira,
A Study on the Interaction on the Dark Sector Through the Hubble Parameter, Ph.D. Thesis,
Federal University of Rio Grande do Norte, Brazil, (2014) (in Portuguese).
[20] H. T. C. M. Souza, H. S. Gimenes, and N. Pires, Coupling dark-baryonic matter density
profile for vacuum decay scenarios, [arXiv:astro-ph/14061706].
[21] M. Zhang and W. Liu, Observational constraint on the interacting dark energy models
including the Sandage-Loeb test, Eur. Phys. J. C. 74 (2014) 2863.
[22] I. E. Sanchez G, Dark matter interacts with variable vacuum energy, [arXiv:gr-qc/14051291].
[23] S. Weinberg, The cosmological constant problem, Rev. Mod. Phys. 61 (1989) 1.
– 30 –
[24] T. Padmanabhan, Cosmological constant-the weight of the vacuum, Phys. Rep. 380 (2003)
235.
[25] I. Zlatev, L. Wang, P. J. Steinhardt, Quintessence, Cosmic Coincidence, and the Cosmological
Constant, Phys. Rev. Lett. 82(5) (1999) 896; P.J. Steinhardt, A quintessential introduction to
dark energy, Phil. Trans. Roy. Soc. Lond. A 361 (2003) 2497; N. Sivanandam, Is the
cosmological coincidence a problem?, Phys. Rev. D 87 (2013) 083514.
[26] W. Zimdahl and D. Pavón, Cosmological two-fluid thermodynamics, Gen. Rel. Grav. 33
(2001) 791 [arXiv:astro-ph/0005352].
[27] J. D. Barrow and T. Clifton, Cosmologies with energy exchange, Phys. Rev. D 73 (2006)
103520 [arXiv:gr-qc/060406].
[28] B. J. Carr, Some cosmological consequences of primordial black-hole evaporations, Ap. J. 206
(1976) 8.
[29] I. L. Shapiro, J. Solà, C. España-Bonet, and P. Ruiz-Lapuente, Variable Cosmological
Constant as a Planck Scale Effect, Phys. Lett. B 574 (2003) 149 [arXiv:astro-ph/0303306].
[30] C. España-Bonet, P. Ruiz-Lapuente, I. L. Shapiro, and J. Solà, Testing the running of the
cosmological constant with Type Ia Supernovae at high z, J. Cosmol. Astropart. Phys.
JCAP02 (2004) 006 [arXiv:hep-ph/0311171].
[31] I. L. Shapiro and J. Solà, The scaling evolution of cosmological constant, JHEP 0202 (2002)
006 [arXiv:hep-th/0012227].
[32] J. Solà, Dark energy: a quantum fossil from the inflationary Universe?, J. Phys. A 41 (2008)
164066 [arXiv:hep-th/07104151].
[33] I. L. Shapiro and J. Solà, On the possible running of the cosmological “constant”, Phys. Lett B
682 (2009) 105 [arXiv:hep-th/09104925].
[34] P.Wang and X. Meng, Can vacuum decay in our Universe?, Class. Quantum Grav. 22 (2005)
283 [arXiv:astro-ph/0408495].
[35] J. S. Alcaniz and J. A. S. Lima, Interpreting Cosmological Vacuum Decay, Phys. Rev. D 72,
(2005) 063516, [arXiv:astro-ph/0507372].
[36] S. S. Costa, and M. Makler, Connections among three roads to cosmic acceleration: decaying
vacuum, bulk viscosity, and nonlinear fluids, [arXiv:astro-ph/0702418].
[37] L. Xu, Holographic dark energy model with Hubble horizon as an IR cut-off, J. Cosmol.
Astropart. Phys. 09 (2009) 016.
[38] V. Timoshkin, Specially Coupled Dark Energy in the Oscillating FRW Cosmology, Open Ast.
J. 2 (2009) 39.
[39] S. Carneiro, Inflation driven by particle creation, [arXiv:astro-ph/11083040].
[40] E. L. D. Perico, J. A. S. Lima, Spyros Basilakos, and Joan Solá, Complete Cosmic History
with a dynamical Lambda(H) term, Phys. Rev. D 88 (2013) 063531 [arXiv:astro-ph/13060591].
[41] M. Campos and J. A. S. Lima, Black Hole Formation with an Interacting Vacuum Energy
Density, Phys. Rev. D 86 (2012) 043012 [arXiv:gr-qc/12075150], E. L. D. Perico, J. A. S.
Lima, and M. Campos, Black Hole Formation with an Interacting Vacuum Energy Density:
Curvature Effects, [arXiv:gr-qc/13030430].
[42] L. P. Chimento, Interacting fluids generating identical, dual and phantom cosmologies, Phys.
Lett. B 633 (2006) 9 [arXiv:gr-qc/0503049].
[43] L. P. Chimento and D. Pavón, Dual interacting cosmologies and late accelerated expansion,
Phys. Rev. D 73 (2006) 063511 [arXiv:gr-qc/0505096].
– 31 –
[44] L. P. Chimento and M. Forte, Unified model of baryonic matter and dark components, Phys.
Lett. B 666 (2008) 205 [arXiv:astro-ph 07064142].
[45] A. Kamenshchik, U. Moschella, and V. Pasquier, An alternative to quintessence, Phys. Lett. B
511 (2001) 265.
[46] L. P. Chimento and A. S. Jakubi, Enlarged quintessence cosmology, Phys. Rev. D 62 (2000)
063508 [arXiv:astro-ph/0005070].
[47] L. P. Chimento, Linear and nonlinear interactions in the dark sector, Phys. Rev. D 81 (2010)
043525 [arXiv:astro-ph/09115687].
[48] J. Perez, A. Füzfa, T. Carletti, L. Mélot, and L. Guedezounme, The Jungle Universe, Gen.
Relativ. Gravit. 46 (2014) 1753 [arXiv:gr-qc/13061037].
[49] K. A. Malik and D. Wands, Adiabatic and entropy perturbations with interacting fluids and
fields, J. Cosmol. Astropart. Phys. 02 (2005) 007 [arXiv:astro-ph/0411703].
[50] L. M. Reyes and J. E. M. Aguilar, Quintessence interacting dark energy from induced matter
theory of gravity, [arXiv:gr-qc/09081356].
[51] W. Chakraborty and U. Debnath, Interaction between scalar field and ideal fluid with
inhomogeneous equation of state, Phys. Lett. B 661 (2008) 1 [arXiv:gr-qc/08023751].
[52] R. Curbelo, T. Gonzalez, G. Leon, and I. Quiros, Interacting phantom energy and avoidance
of the big rip singularity, Class. Quantum Grav. 23 (2006) 1585.
[53] M. Jamil and F. Rahaman, On the resolution of cosmic coincidence problem and phantom
crossing with triple interacting fluids, Eur. Phys. JC 64 (2009) 97 [arXiv:gr-qc/08101444].
[54] L. P. Chimento, Symmetry and inflation, Phys. Rev. D 65 (2002) 063517.
[55] S. Carneiro and R. Tavakol, On vacuum density, the initial singularity and dark energy, Int.
J. Mod. Phys. D 18 (2009) 2343 [arXiv:astro-ph/09053131].
[56] M. Cataldo, F. Arévalo, and P. Mella, Canonical and phantom scalar fields as an interaction
of two perfect fluids, Astrophys. Space. Sci. 344 (2013) 495 [arXiv:gr-qc/13013311].
[57] D. Baumann, TASI Lectures on Inflation, [arXiv:hep-th 09075424].
[58] D. Barkats et al. Degree-scale Cosmic Microwave Background Polarization Measurements
from Three Years of BICEP1 Data, ApJ 783 (2014) 67.
[59] V. Faraoni, J. B. Dent, and E. N. Saridakis, Covariantizing the interaction between dark
energy and dark matter, Phys Rev. D 90 (2014) 063510 [arXiv:gr-qc/14057288].
[60] T. Clifton and J. D. Barrow, The Ups and Downs of Cyclic Universes, Phys. Rev. D 75
(2007) 043515 [arXiv:gr-qc/0701070].
[61] S. Cotsakis and G. Kittou, Flat limits of curved interacting cosmic fluids, Phys. Rev. D 88
(2013) 083514 [arXiv:gr-qc/13070377].
[62] A. D. Chernin, Cosmic vacuum, Phys. Usp. 44 (2001) 1099.
[63] M. P. Bronstein, On the expanding universe, Phys. Zeit. der Sowjetunion 3 (1933) 73.
[64] J. C. Carvalho and J. A. S. Lima and I. Waga, Cosmological consequences of a time-dependent
Λ term, Phys. Rev. D 46 (1992) 2404.
[65] J. M. Salim and I. Waga, Thermodynamic constraints on a time-dependent Lambda model
(cosmology), Class. Quantum Grav. 10 (1993) 1767.
[66] J. A. S. Lima, Thermodynamics of Decaying Vacuum Cosmologies, Phys. Rev. D 54 (1996)
2571 [arXiv:gr-qc/9605055].
[67] V. Silveira and I. Waga, Cosmological properties of a class of Λ decaying cosmologies, Phys.
Rev. D 56 (1997) 4625.
– 32 –
[68] J. M. Overduin and F. I. Cooperstock, Evolution of the scale factor with a variable
cosmological term, Phys. Rev. D 58 (1998) 043506 [arXiv:astro-ph/9805260].
[69] J. M. F. Maia and J. A. S. Lima, Scalar field description of decaying-ÎŻ cosmologies, Phys.
Rev. D 65 (2002) 083513 [arXiv:astro-ph/0112091].
[70] R. Nakamura, M. Hashimoto, and K. Ichiki, Cosmic microwave background constraints on a
decaying cosmological term related to the thermal evolution, Phys. Rev. D 77 (2008) 123511
[arXiv:astro-ph/08010290].
[71] J. A. S. Lima, S. Basilakos, and J. Solà, Expansion History with Decaying Vacuum: A
Complete Cosmological Scenario, Mon. Not. Roy. Astron. Soc. 431 (2013) 923.
[72] F. Andrade-Oliveira, F. E. M. Costa, and J. A. S. Lima, Decaying vacuum cosmology and its
scalar field description, Class. Quantum Grav. 31 (2014) 045004.
[73] J. A. S. Lima and A. Maia, Thermodynamic properties of γ-fluids and the quantum vaccum,
Phys. Rev. D 52 (1995) 5628 [arXiv:gr-qc/9505052].
[74] R. D. Sorkin, Tenth International Conference on General Relativity and Gravitation:
Contributed Papers 2 Padova (1983) 734.
[75] S. Carneiro,On the vaccum entropy and the cosmological constant, Int. J. Mod. Phys. D 12
(2003) 1669 [arXiv:gr-qc/0305081].
[76] H. M. Mok, Further explanation of the cosmological constant problem by discrete space-time
through modified holographic principle, [arXiv:physics.gen-ph/0408060].
[77] J. A. Casas, J. Garcia-Bellido, and M. Quirós, Scalar-tensor theories of gravity with
Phi-dependent masses, Class. Quantum. Grav. 9 (1992) 1371; J. García-Bellido, Dark matter
with variables masses, Int. J. Mod. Phys. D 02 (1993) 85; G. W. Anderson and S. M. Carroll,
Dark matter with time-dependent mass, [arXiv:astro-ph/9711288]; U. França and R.
Rosenfeld, Variable-mass dark matter and the age of the universe, [arXiv:astro-ph/0412413];
U. França and R. Rosenfeld, Age constraints and fine tuning in variable-mass particle models,
Phys. Rev. D 69 (2004) 063517 [arXiv:astro-ph/0308149]; U. França, M. Lattanzi, J.
Lesgourgues, and S. Pastor, Model independent constraints on mass-varying neutrino
scenarios, Phys. Rev. D 80 (2009) 083506 [arXiv:astro-ph09080534].
[78] A. A. Grib, S. G. Mamayev, and V. M. Mostepanenko, Particle creation from vacuum in
homogeneous isotropic models of the universe, Gen. Relativ. Gravit. 7 (1976) 535.
[79] E. P. Tryon, Is the universe a vacuum fluctuation?, Nature 246 (1973) 396.
[80] A. Vilenkin, Creation of universes from nothing, Phys. Lett. B, 117 (1982) 25.
[81] D. Atkatz and H. Pagels, Origin of the Universe as a quantum tunneling event, Phys. Rev. D
25 (1982) 2065.
[82] M. McGuigan, Universe creation from the third-quantized vacuum, Phys. Rev. D 39 (1989)
2229.
[83] L. M. Krauss., A Universe from Nothing: Why There is Something Rather than Nothing,
Atria Books (2013).
[84] I. S. Kohli., Comments On: A Universe From Nothing, [arXiv:physics.gen-ph/14056091].
[85] J. Holt, Why Does the World Exist? An Existential Detective Story, Liveright (2013).
[86] A. R, Brown and A. Dahlen, On “nothing”, [arXiv:hep-th/11110301].
[87] A. R, Brown and A. Dahlen, On “nothing” as an infinitely negatively curved spacetime, Phys.
Rev. D 85 (2012) 104026.
[88] D. He, D. Gao, and Q. Cai, Spontaneous creation of the universe from nothing,
[arXiv:gr-qc/14041207].
– 33 –
[89] V. Balek, From “nothing” to inflation and back again, [arXiv:gr-qc/14014870].
[90] W. Zimdahl, Reacting fluids in the expanding universe: a new mechanism for entropy
production, Mon. Not. R. Astron. Soc. 288 (1997) 665.
[91] N. Pinto-Neto and B. M. O. Fraga, Cosmic acceleration from interaction of ordinary fluids,
Gen. Relativ. and Gravit. 40 (2008) 1653 [arXiv:gr-qc/07113602].
[92] H. Amirhashchi, A. Pradhan, and B. Saha, An interacting two-fluid scenario for dark energy
in FRW universe, Chinese Phys. Lett. 28 (2011) 039801 [arXiv:gr-qc/10113940].
[93] N. Cruz, G. Palma, D. Zambrano, and A. Avelino, Interacting warm dark matter, J. Cosmol.
Astropart. Phys. 05 (2013) 034 [arXiv:astro-ph/12116657].
[94] S. Cotsakis and G. Kittou, Limits of isotropic universes with interacting fluids, [arXiv:gr-qc
13024345].
[95] Márcio R. de Garcia Maia, Nilza Pires and Humberto S. Gimenes, in preparation.
[96] J. A. S. Lima, A. S. M. Germano, and L. R. W. Abramo, FRW Cosmologies with Adiabatic
Matter Creation, Phys. Rev. D, 53 (1996) 4287 [arXiv:gr-qc/9511006].
[97] S. R. de Groot, W. A. van Leeuwen, and Ch. G. van Weert, Relativistic Kinetic Theory,
North Holland, Amsterdam (1980).
[98] M. Gasperini, Decreasing vacuum temperature: A thermal approach to the cosmological
constant problem, Phys. Lett. B 194 (1987) 347; M. Gasperini, A thermal interpretation of the
cosmological constant, Class. Quantum Grav. 5 (1988) 521.
[99] I. Waga and V. Silveira, Decaying Λ cosmologies and power spectrum, Phys. Rev D 50 (1994)
4890.
[100] L. F. Bloomfield Torres and I. Waga, Decaying A cosmologies and statistical properties of
gravitational lenses, MNRAS 279 (1996) 712.
[101] I. Waga, Decaying Vacuum Flat Cosmological Models: Expressions for Some Observable
Quantities and Their Properties, Astrophys. J. 414 (1993) 436.
[102] A. Arbab, Cosmological models with variable cosmological and gravitational constants and bulk
viscous models, Gen. Rel. Grav. 29 (1997) 61.
[103] R. Horvat, Holography and Variable Cosmological Constant, Phys. Rev. D 70 (2004) 087301
[arXiv:astro-ph/0404204].
[104] I. L. Shapiro, J. Solà, C. España-Bonet, and P. Ruiz-Lapuente, Variable cosmological constant
as a Planck scale effect, Phys. Lett. B 574 (2003) 149 [arXiv:astro-ph/0303306]; C.
España-Bonet, P. Ruiz-Lapuente, I. L. Shapiro, and J. Solà, Testing the running of the
cosmological constant with Type Ia Supernovae at high z, JCAP 0402 (2004) 006
[arXiv:hep-ph/0311171]; I. L. Shapiro, J. Solà and H. Stefacic, Running G and Λ at low
energies from physics at MX : possible cosmological and astrophysical implications, JCAP
0501 (2005) 012 [arXiv:hep-ph/0410095].
[105] R. Schützhold, Small Cosmological Constant from the QCD Trace Anomaly?, Phys. Rev. Lett.
89 (2002) 081302; On the cosmological constant and the cosmic coincidence problem, Int. J.
Mod. Phys. A 17 (2002) 4359.
[106] A. S. Al-Rawaf and M. O. Taha, Cosmology of general relativity without energy-momentum
conservation, Gen. Rel. Grav. 28 (1996) 935.
[107] A. I. Arbab, Cosmic Acceleration With A Positive Cosmological Constant, Class. Quant.
Grav. 20 (2003) 93 [arXiv:gr-qc/9905066]; A. I. Arbab, Cosmological consequences of a
built-in cosmological constant model, JCAP 0305 (2003) 008 [arXiv:astro-ph/0212565]; A. I.
Arbab, The equivalence between different Dark (matter) energy scenarios, Astrophys. Space
Sci. 291 (2004) 141.
– 34 –
[108] R. G. Vishwakarma, A study of the angular size-redshift relation for models in which Λ decays
as the energy density, Class. Quant. Grav. 17 (2000) 3833 [arXiv:gr-qc/9912105].
[109] S. Ray, U. Mukhopadhyay, and X. Meng, Accelerating Universe with a dynamic cosmological
term, Gravitation & Cosmology 13 (2007) 142 [arXiv:astro-ph/0407295].
[110] I. Shapiro and J. Solà, On the scaling behavior of the cosmological constant and the possible
existence of new forces and new light degrees of freedom, Phys. Lett. B 475 (1999) 236
[arXiv:hep-ph/9910462].
[111] S. Basilakos, M. Plionis, and J. Solà, Hubble expansion & Structure Formation in Time
Varying Vacuum Models, Phys. Rev. D 80 (2009) 083511 [arXiv:astro-ph/09074555].
[112] A. Gómez-Valent, J. Solà, and S. Basilakos, Dynamical vacuum energy in the expanding
Universe confronted with observations: a dedicated study, J. Cosmol. Astropart. Phys.
JCAP01 (2015) 004 [arXiv:astro-ph/14097048].
[113] A. Gómez-Valent and J. Solà, Vacuum models with a linear and a quadratic term in H:
structure formation and number counts analysis, MNRAS 448 (2015) 2810
[arXiv:astro-ph/14123785].
[114] J. Solà and A. Gómez-Valent, The Λ¯CDM cosmology: from inflation to dark energy through
running Λ, Int. J. of Mod. Phys. D 24 (2015) 1541003 [arXiv:gr-qc/150103832].
[115] M. Abramowitz and I. A. Stegun, “Handbook of Mathematical Functions”, Dover Publications
N.Y, (1965).
– 35 –
